Chapter 9 Rational Functions
Section 9.1 Exploring Rational Functions Using Transformations

Section 9.1  Page 442 Question 1

Compare each graph to the function formy = ih +k.

a) Since the graph of the rational function has a vertical asymptote at x =—1 and a
horizontal asymptote at y = 0, h =—1 and k = 0. Then, the function is of the form

= 2 Whichis B = ——.
X+1 X+1

b) Since the graph of the rational function has a vertical asymptote at X =0 and a
horizontal asymptote at y =—1, h = 0 and k =—1. Then, the function is of the form

— 2| whichis A = 2—1.
X X

c) Since the graph of the rational function has a vertical asymptote at X =0 and a
horizontal asymptote aty =1, h =0 and k = 1. Then, the function is of the form

y= 241, which is DO = 2 +1.
X X

d) Since the graph of the rational function has a vertical asymptote at X =1 and a
horizontal asymptote aty = 0, h = 1 and k = 0. Then, the function is of the form
= 2 Whichis C(0 = ——.
X—1 X—1

Section 9.1  Page 442 Question 2

a) The base function fory = isy= 1 . Compare the
X

function to the formy = ih+k ra=1,h=-2,and k= 0.

The graph of the base function must be translated 2 units to the
left. So, the vertical asymptote is at X =—2 and the horizontal
asymptote is still aty = 0.

b) The base function fory =

1sy= 1 . Compare the
X

function to the formy = ih+k :a=1,h=3,andk=0.

The graph of the base function must be translated 3 units to
the right. So, the vertical asymptote is at X = 3 and the
horizontal asymptote is still aty = 0.
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c) The base function fory = %
X

1
isy = —. Compare the
+1)° y x? P

function to the formy =

+k:a=1,h=-1,and k= 0.
(x=h)y’
The graph of the base function must be translated 1 unit to the
left. So, the vertical asymptote is at X =—1 and the horizontal
asymptote is still aty = 0.

d) The base function fory = isy= LZ . Compare
X

(x—4)’

the function to the formy = ﬁ+ k:a=1,h=4, and
X —

k = 0. The graph of the base function must be translated

4 units to the right. So, the vertical asymptote is at X =4 and
the horizontal asymptote is still aty = 0.

Section 9.1  Page 442 Question 3

a) Fory= il,a=6, h=-1, and k= 0. The graph of the
X+

base function y = 1 must be stretched vertically by a factor of
X

6 and translated 1 unit to the left. The domain is

{X|x#-1,x € R} and the range is {y |y # 0,y € R}. There is
no X-intercept. The y-intercept is 6. The vertical asymptote is
at X =—1 and the horizontal asymptote is at y = 0.

b) Fory= i+1,a=4,h=0, and k = 1. The graph of the
X

: 1 .
base function y = — must be stretched vertically by a factor of
X

4 and translated 1 unit up. The domain is {X | X # 0, X € R}
and the range is {y |y # 1,y € R}. The x-intercept is —4. There
is no y-intercept. The vertical asymptote is at X = 0 and the
horizontal asymptote is aty = 1.
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c) Fory= %—5,&22, h =4, and k =-5. The graph of the
X_

: 1 .
base function y = — must be stretched vertically by a factor of
X

2 and translated 4 units to the right and 5 units down. The
domain is {X | X# 4, X € R} and the range is

{y|y#-5,y € R}. The x-intercept is % ,or4.4. The y-

il

VA
I A

NECEA fﬁ\i
--u-.-.:.u._—_:_.::_---:-———'
Fd
£ 15

. .11 : . .
intercept is 5 or —5.5. The vertical asymptote is at X = 4 and the horizontal asymptote

isaty=-5.

d) Fory= —%+3,a=8, h=2, and k = 3. The graph of
X_

the base function y = 1 must be stretched vertically by a
X

factor of 8, reflected in the x-axis, and translated 2 units to the
right and 3 units up. The domain is {X | X # 2, X € R} and the

range is {y | Y # 3, ¥ € R}. The x-intercept is % The

y-intercept is 7. The vertical asymptote is at X = 2 and the
horizontal asymptote is aty = 3.
Section 9.1

Page 442 Question 4

a) Fory= ——, the vertical asymptote is at X = 4, the

2x+1
=0 +1 10041
X—4
horizontal asymptote is at y = 2, the X-intercept is —0.5,

and the y-intercept is —0.25.

n=n

3Ix—-2

b) Fory= , the vertical asymptote is at X =—1,

the horizontal asymptote is at y = 3, the x-intercept is
about 0.67, and the y-intercept is —2.

B B £ B
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—4X+3

X+2
the horizontal asymptote is at y = —4, the x-intercept is
0.75, and the y-intercept is 1.5.

c) Fory=

, the vertical asymptote is at X =—2,  [{{={-4H+Z1/ i+ 2D

2—-6X

d) Fory= , the vertical asymptote is at X =5, the

horizontal asymptote is at y = —6, the X-intercept is about
0.33, and the y-intercept is —0.4.

Section 9.1  Page 442 Question 5

11x+12
a) y=

Fory=—+11,a=12,h=0, and k= 11. The vertical asymptote is at X = 0, and the
X

horizontal asymptote is aty = 11.
Substitute y = 0.

y= 2+11
1"2 =L HLEN
0=-"=411 ;
X i
11 = 12
X [
_ 2 EEE—
11 w=-1.0890808 |y=q

The X-intercept is —% , or about —1.09, and there is no

y-intercept.
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b =—
)Y X+8
_ X+8-8
X+8
_x+8_ 8
X+8 X+8
-8
X+8
-5
X+8
Fory= —ig+ 1,a=-8,h=-8, and k = 1. The vertical asymptote is at X =—8, and the
X+
horizontal asymptote is aty = 1.
Substitute y = 0. Substitute X = 0.
-8 -8
X+8 X+8
0=——5 4 -~ 5 4
X+8 0+8
8 =—-1+1
X+8 =0
X=0

The X-intercept is 0, and the y-intercept is 0.

Y1=WAh+E)

n=n ¥=0

Q) y=2=2
X+6
_ —X—=6+6-2
X+6
_—(x+6)+4
X+6
:——(x+6)+ 4
X+6 X+6

Sl
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Fory = 4 —1,a=4,h=-6,and k=—1. The vertical asymptote is at X =—6, and the

X+6

horizontal asymptote is aty =—1.

Substitute y = 0.
4

=——-1
y X+6
O=—i——1
X+6
_ 4
X+6
X+6=4
X=-2

The X-intercept is —2, and the y-intercept is —% , or about —0.33.

V1= -H=20 i +a]

Substitute X = 0.

n=0 Y- EEEEEEE
Section 9.1 Page 442 Question 6
1
fx=z
"*_—_'15—_417\_'5 .
mixi= -8 : I
ol % Y
Characteristi 0= | o=
aracteristc = = -
(X +6) X2 —4x +4
Non-permissible x=0 =6 K=
value
Behaviour near non- As X approaches 0, | As x approaches As X approaches —2,
. ly| becomes very —6, |y| becomes
permissible value I |y| becomes very large.
arge. very large.
As |X| becomes As |X| becomes As |X| becomes very
End behaviour very large, y very large, y large, y approaches
approaches 0. approaches 0. 3.
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Domain {X|x#£0,x e R} | {X|Xx#-6,X € R} {X|x#-2,Xx e R}

Range ' yly>0,yeR} | {yly<OyeR} | {y|]y>-3,yeR}
Equation of vertical x=0 K=_6 K=
asymptote

Equation of y=0 y=0 y=-3

horizontal asymptote

Each function has a single non-permissible value, a vertical asymptote, and a horizontal
asymptote. The domain of each function consists of all real numbers except for a single
value. The range of each function consists of a restricted set of the real numbers. |y|
becomes very large for each function when the values of X approach the non-permissible
value for the function.

Section 9.1  Page 443 Question 7

a) From the graph, the vertical asymptote is at x = 0 and [ Ay
the horizontal asymptote is at y = 0. So, h =0 and k = 0. 4
Then, the equation of the function is of the form y = E. 5

X ]

Use one of the given points, say (2, —2), to determine the

value of a. -4 |1z o 2
D= a T
2
a=-4 T

The equation of the function in the formy = ih+ K isy

4

X

b) From the graph, the vertical asymptote is at X =-3 and
the horizontal asymptote is at y = 0. So, h =-3 and k= 0.
Then, the equation of the function is of the form
. a
X+3
Use one of the given points, say (-2, 1), to determine the
value of a.
. a
-2+3
a=1

The equation of the function in the formy = L+ k isy= 1 .
X—h X+3
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c) From the graph, the vertical asymptote is at X =2 and

I -
the horizontal asymptote is at y = 4. So, h =2 and k = 4. ol E
Then, the equation of the function is of the form :
a e L WK T N N N S |
= ——+4. !
y X—=2 ) ! N
Use one of the given points, say (4, 8), to determine the Sl e Jdalof} 4 | 8 [%
value of a. Lally
a ]
8= ——+4 A Al
4-2
4= 2
2
a=8
The equation of the function in the form y = ih+ kK isy= % +4.
X j— —
d) From the graph, the vertical asymptote is at x = 1 and VAL
the horizontal asymptote is at y =—6. So, h =1 and P r: N
= —6. Then, the equation of the function is of the form Cloal-zlof b2 [ 4 %
a 1]
=——-6. - i
x-r T T T 1=+
Use one of the given points, say (0, —2), to determine the T !
value of a. —2{|
LA Vi
0-1
4=-a
a=-4
The equation of the function in the formy = Lth k isy= _il -6
X— X—
Section 9.1  Page 443 Question 8
a) Given:y= %4‘ k passing through points (10, 1) and (2, 9)
X —
For (10, 1), For (2,9),
a a
y X="7 y X="7
1= 4k 9= 2 L,k
10-7 2-7
=24k 9= is Tk
3=a+3k @ —-45=a-5k @
Solve the system of equations.
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3=a-+3k
—45=a-5k
48 = 8k ®-@
k=6
Substitute k = 6 into @.
3=a+3k
3=a+3(6)
a=-15

The equation of the function isy = —i+ 6.

X=7

b) _
1= "15 (-7 148

n=io I =1

Section 9.1  Page 443 Question 9

Examples:
a) For asymptotes at x=2 and y =-3, h =2 and k=-3. Choose a = 1, then the equation
of the function in the formy = i-l— kK isy= L—&
X—=h X=2
P
)

Then, rewrite in the form y =

The domain is {X | X # 2, X € R} and the range is
yly#-3,y e R}.

|
el
=
| NP T P N [ .

|
jj
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€) There are many possible functions that meet the given criteria, since any value of a
(other than 0) will result in the same equations for the asymptotes.

Section 9.1  Page 443 Question 10

a) In the fourth line, Mira incorrectly factored —3 from —3x — 21. She should have
grouped —3X + 21. The corrected solution is
_2-3X

- x—=7

_ —3X+2

Cx—7

_ =3X+21-21+2

- X=17

_ 3(x=7)-19

- X="7

_3x=7 19

C x=7 X=17

y

y

=3
y X=7

19

X=17

b) Example: Without technology, Mira could have discovered her error by substituting
the same value of X into each form of the function. With technology, Mira could have
graphed the two functions to see if they were the same.

Section 9.1  Page 443 Question 11

a)

o X=2

Y= ox+a

o x=2
y_z(x+2)

_X+2-4
y_z(x+2)

. X+2 4
Y =72 2(x+2)

12

T2 x+2

2 1
T Tx42 2
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b) For y:—i+l,a=—2,h:—2,andk=l.The
X+2 2 2

graph of the base function y = 1 must be stretched
X

vertically by a factor of 2, reflected in the x-axis, and

translated 2 units to the left and % unit up. 4 =
|
1

Section 9.1  Page 443 Question 12

Determine the intercepts.

Substitute y = 0. Substitute X = 0.
_ 3x-=5 _ 3x-=5
y 2X+3 y 2X+3
0= 3x=5 _3(0)-=5
2X+3 2(0)+3
0=3x-5 5
3

The x-intercept is g, and the y-intercept is —é.

Use technology to graph the function.
1= H=-E1/ 2+ 2D

n=n ¥=-1.6BbBG/

The asymptotes are located at X = % andy = % .
Section 9.1  Page 443 Question 13

500 000

For the function N(p) = , as the value of p increases, the value of N decreases.

This means that as the average price of a home increases, the number of buyers looking
to buy a home decreases.
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Section 9.1  Page 444 Question 14

a) For a rectangle with constant area of 24 cm?, =24,/
A=lw i
24 =1lw
= ﬁ
w
n=B =3

b) As the width increases, the length decreases to
maintain an area of 24 cm’.

Section 9.1 Page 444 Question 15

a) Let X represent the number of students who contribute. Let y represent the average
amount required per student to meet the goal. Then, a function to model this situation is

Xy =4000, ory = ﬂ):)()

b)
RERTTTTE]

T

C) As the number of students that contribute increases, the average amount required by
student decreases.

d) If the student council also received a $1000 donation from a local business, the

function becomes y = 4000 + 1000. This represents a vertical translation of 1000 units
X

up of the original function graph.
Section 9.1 Page 444 Question 16

a) Let C represent the average cost per year. Let t represent the time, in years. Then, a

function to model freezer one is C = M and a function to model freezer two is
C- 800 :— 60t .
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b)

3 i_-——
Inkepsechiohoa e o o o
n=7.k Y=1bh.BBEGT

c) Both graphs have a vertical asymptote at x = 0, but different horizontal asymptotes.
The average cost for freezer one approaches $100/year, while the average cost for freezer
two approaches $60/year. The graph shows that the more years you run the freezer, the
less the average cost per year is. Freezer one is cheaper to run for a short amount of time,
while freezer two is cheaper if you run it for a longer period of time.

d) The point of intersection of the two graphs can help Hanna decide which model to
choose. If Hanna wants to run the freezer for more than 7.5 years, she should choose the
second model. Otherwise, she is better off with the first one.

Section 9.1 Page 444 Question 17

12
15+%

a) An equation for the current in the given circuit is | =

b) Since the variable resistor can be set anywhere from 0 Q to 100 Q, an appropriate
domain is {x| 0 <x <100, x € R}. The graph does not have a vertical asymptote for this
domain.

) Substitute | =0.2.

. 12 =iz n+iG)
15+ X ]
_ 12
15+ x
02(15+x)=12
15+x=60
X =45 w=YyE Y=.2

A setting of 45 Q is required.

. . o . 12 :
d) An equation for the current in the circuit without the bulb is | = —. The vertical
X

asymptote is at X = 0, so the domain must change to {x | 0 <x <100, X € R}.
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Section 9.1  Page 445 Question 18

a) Let C represent the average cost per hour. Let t represent the rental time, in hours.

20+4t

Then, a function to model renting from store one is C = and a function to model

. . 10+ 5t
renting from store two is C = .

Il:nt-.zr'-s-;:-:i:i-::n- =
n=1in Y=k

b) Both graphs have a vertical asymptote at X = 0, but different horizontal asymptotes.
The average cost for renting from store one approaches $4/h, while the average cost for
renting from store two approaches $5/h. The graph shows that the longer you rent the
bike, the less the average cost per hour is. Store two is cheaper to rent for a short amount
of time, while store one is cheaper if you rent for a longer period of time.

¢) No. The point of intersection of the two graphs indicates that if you rent a bike for less
than 10 h, then you should choose store two. Otherwise, choose store one.

Section 9.1  Page 445 Question 19

a) Let v represent the average speed, in kilometres per hour, over the entire trip
and t represent the time, in hours, since leaving the construction zone. Then, an
80+100t

equation for v as a function of t for this situation is v = 1
+

b) An appropriate domain for this situation is {t |t>0,t € R}.
1=Ci00+B00 A0+ 2]

[:-::h T yzEn

¢) The equation of the vertical asymptote is t = —2 and the equation of the horizontal
asymptote is V= 100. The vertical asymptote does not mean anything in this context,
since time cannot be negative. The horizontal asymptote means that the average speed
gets closer and closer to 100 km/h but never reaches it.
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d) Substitute v = 80.

V= 80+100t
2+t

20 = 80+100t
2+t

80(2 + 1) =80 + 100t
160 + 80t = 80 + 100t
—20t=-80
t=4
The truck will have to drive 4 h after leaving the construction zone before its average
speed is 80 km/h.

e) Example: By including an application on a GPS unit that calculates the average speed
over the entire trip, a driver could adjust his/her speed accordingly to maintain a target
speed that provides the best fuel economy for his/her vehicle.

Section 9.1  Page 445 Question 20

Given: vertical asymptote at X = 6, horizontal asymptote at y = —4, and x-intercept
of —1

For a function of the formy = ih—i_ k , h=6 and k =—4. Then, the equation becomes
X —_

= %— 4 . Use the point (-1, 0) to determine the value of a.

0= a

~1-6
4:_3
7

a=-28

—4

Rewrite the function y = _ 28 4 in the formy = ax+b .
X—6 cx+d

28

=
28  4(x-6)

T X—6  x—6

_ —28-4x+24

 x-6

_ —4x-4

T X—6
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Section 9.1  Page 445 Question 21
a) b)
=222 F0=—=X+4
X+1 X=5
X=3 2X
=— =——+4
y X+1 y X=5
x:y—_3 x=2—y+4
y+1 y-5
X(y+Dh=y-3 (X=4H(y-5)=2y
Xy+x=y-3 Xy—4y-5x+20=2y
Xy—y=-x-3 Xy—6y=5x-20
y(x=1)=—x-3 y(X—6)=5x-20
_—Xx-3 _5x-20
X—1 X—6
f,l(x):—x—S f,1()():5x—20
X—1 X—6
Section 9.1  Page 445 Question 22

Use graphing technology to graph y = X + x+4 .
X+2 XxX-2

bt Ll el R b T

n=n V=z

The graph has three branches separated by vertical asymptotes at x =—-2 and X = 2. It also
appears to have a horizontal asymptote aty =2 for X <—-2 and x > 2.

Question C1

Section 9.1  Page 445

Example: If the equation of the rational function is given in the formy = Lh+ k , then

using transformations is no different than with any other function. However, if the
equation of the function is not in this form, it is more difficult to manipulate the equation
to determine the transformations that have been applied.
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Section 9.1  Page 445 Question C2

200 000 p
100— p

{p|0< p<100,p € R}. The function is not defined at p = 100, meaning that 100% of
the emissions can never be eliminated.

a) For the function C(p) = , an appropriate domain is

b) The shape of the graph indicates that as the percent  Fi=zonnonR rinn=-10
of emissions eliminated increases, so does the cost. L

: "

bk LU V=133E33.33
c) For p=280, For p =40,
200 000 200 000
C(p)=——F C(py=——"
100 p 100 p
C(80) = 200.000(30) C 40y = 200.000(40)
100-80 100-40
C(80) =800 000 C(40) =133333.33

It costs 6 times as much to eliminate 80% as it does to eliminate 40%.

d) Is it not possible to completely eliminate all of the emissions according to this
model because the graph of the function has a vertical asymptote at p = 100.

Section 9.1  Page 445 Question C3

Fory=%+4,a=2,h:3,andk=4.Fory= 2VXx-3+4,a=2,h=3,and k=4.
X_

Example: Both functions are vertically stretched by a factor of 2 and translated 3 units
right and 4 units up. In the case of the rational function, the values of the parameters h
and Kk represent the locations of asymptotes. For the square root function, the point (h, k)
gives the location of the endpoint of the graph.
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Section 9.2 Analysing Rational Functions
Section 9.2  Page 451 Question 1

a)

x—4
Characteristic Y= ex +B

Mon-permissible valuefs) | x=2 x=4

Feature exhibited at each | vertical asymptote, point of

non-permissible value discontinuity

As x approaches £, |v| becomes
very large. As x approaches 4,
yapproaches 0.5.

Behaviour near each
norn-permissible value

Domain {(x|x+#2 4 xR}
Range v|y+#005yeR]
Xx—4 . X—4 . .
b) In factored form, y = —————— isy= ——————. There is a vertical asymptote at
X" —6X+8 (x—4)(x-2)

X =2 because X — 2 is factor of the denominator only. There is a point of discontinuity at
(4, 0.5) because X — 4 is a factor of both the numerator and the denominator.

Section 9.2  Page 451 Question 2

Examples:

X =3X . (x-3)
X

a) In factored form, y = 1sy= X . The non-permissible value is X = 0.

x ¥ Since the function does not increase or decrease drastically as X
—15 | —45 approaches the non-permissible value, it must be a point of
-10 | —40 discontinuity.

-05 | -35

05 | -25

10 | -20

15 | —15

2_ f— —
X" —=3x-10 iSy=(x S)(X+2)

b) In factored form, y = . The non-permissible value is

X—=2 X—2
X=2.

- v Since the function changes sign at the non-permissible value and |y|
17 40,7 | increases, it must be a vertical asymptote.

18 60.8

15 1209

21 | -1189

22 —58:8

23 -38.7
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3x* +4x-4 isy= (3Xx—2)(x+2)

) In factored form, y = . The non-permissible value is

X+4 X+4
X=-4.
X v Since the function changes sign at the non-permissible value and |y|

-37 7423 | Increases, it must be a vertical asymptote.

-38| 1206

-39 | 2603

—4.1 | —300.3

-4.2 | —1606

—43 | —114.23

5%° +4x-1 Gy = (5Xx=1)(x+1)

d) In factored form, y = . The non-permissible value is

Sx—1 S5x—1
x=0.2.
x " Since the function does not increase or decrease drastically as X

0.17 1.17 approaches the non-permissible value, it must be a point of

0.18 118 discontinuity.

019 | 119

0.21 1.21

022 | 122

023 | 123

Section 9.2  Page 451 Question 3

a)
e P L R P L

. —T

;:i;_ﬁﬂﬂ Y= i Y=

Both of the functions have a non-permissible value of —3. However, the graph of f(x) has
a vertical asymptote, while the graph of g(X) has a point of discontinuity.

2 — — —
b) In factored form, f(x) = X z2x=3 is f(x) = (x=3)(x+D . In factored form
X*+2x-3 . X+3)(x—1
g(x) = " is g(x) = w .
X+3 X+3

The graph of f(X) has a vertical asymptote at X = -3, since X + 3 is a factor of only the
denominator.

Use the simplified form, g(X) = x — 1, X # =3, to determine the coordinates of the point of

discontinuity. Substituting X = -3, the graph of g(x) has a point of discontinuity at
(-3, —4). This is because x + 3 is a factor of both the numerator and the denominator.
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Section 9.2  Page 452 Question 4

X* +4x
X* +9x+20
_X(x+4)
X+ 4)(x+5)

a) y=

== x#-4,5

The graph will have a vertical asymptote at X =—5. Substituting X = —4, the graph will
have a point of discontinuity at (—4, —4). By substituting y = 0 and X = 0, the graph will
have an x-intercept of 0 and a y-intercept of 0, respectively.

M=+ G+ I+ 200

L

2x* —5x-3
by y=22 227>
) Y= =
_ (2x+1)(x—3)’ x#—11
(X+1)(x=1)
The graph will have vertical asymptotes i=(ZRz-ER-F1/nx-1)

at X =—1 and X = 1. The graph will have
no points of discontinuity. By

substituting y = 0 and x = 0, the graph —— J(J-—_ =

will have X-intercepts of —0.5 and 3 and
a y-intercept of 3, respectively.

n=n Y=z

0 y— x> +2x—8

X*—2Xx—8
=0

(X—=4)(x+2)

The graph will have vertical asymptotes i=(Az+zZn-B1/n<-2n-B)
at X =—2 and X = 4. The graph will have
no points of discontinuity. By
substituting y = 0 and x = 0, the graph
will have X-intercepts of —4 and 2 and a
y-intercept of 1, respectively.

f

n =1
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2x* +7x—15

DY~
_(2x=3)(x+5)
C (3-20(3+2x)
(2X=3)(x+5)
- —(2x=3)(2x+3)
(X+5) 33
C—x+3) T 272
The graph will have a vertical asymptote at R VLB ES
X = —% . Substituting X = % , the graph will have [

. : o 3 13
a point of discontinuity at > ) or about

(1.5,-1.083). By substituting y =0 and X =0,
the graph will have an X-intercept of —5 and a

n=i.k

y-intercept of g , or about —1.67, respectively.

Section 9.2  Page 452 Question 5

a) In factored form, A(X) = X +24X s A(X) = X(X+2)
X +

asymptotes, no points of discontinuity, and X- 1ntercepts of 0 and —2: graph C.

. The graph has no vertical

b) In factored form, B(x) = ;(_ is B(xX) = 2
X" —2X ( -2)
asymptote at X = 0, a point of discontinuity at (2, 0.5), and no x-intercepts: graph A.

. The graph has a vertical

c) In factored form, C(x) = X +24 is C(x) = _x*2 . The graph has a vertical
X -

(X+2)(x=2)
asymptote at X = 2, a point of discontinuity at (-2, —0.25), and no X-intercepts: graph D.

d) In factored form, D(x) = 22X2 . The graph has a vertical
X"+ 24X

is D(X) =
) X(X+2)
asymptote at X = —2, a point of discontinuity at (0, 1), and no X-intercepts: graph B.
Section 9.2  Page 452 Question 6
a) Since the graph has vertical asymptotes at X = 1 and X = 4, the denominator has factors

X — 1 and X — 4. Since the graph has X-intercepts of 2 and 3, the numerator has factors
X —2 and X — 3. Then, the function is of the form
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_ (x=2)(x=3)

y (x-1)(x—-4)
_ x> —5X+6
x> —5x+4
Choice C.

b) Since the graph has vertical asymptotes at X =—1 and x = 2, the denominator has
factors X + 1 and X — 2. Since the graph has x-intercepts of 1 and 4, the numerator has
factors X — 1 and X — 4. Then, the function is of the form
_ (X=DH(x=4)
(X+D(x=2)
_ X’ =5x+4
X —X-2
Choice B.

c) Since the graph has vertical asymptotes at X =—2 and X = 5, the denominator has
factors X + 2 and X — 5. Since the graph has X-intercepts of —4 and 3, the numerator has
factors X + 4 and X — 3. Then, the function is of the form
_ (x+H(x=3)

(X+2)(x=3)

x>+ x—12

x* =3x-10
Choice D.

d) Since the graph has vertical asymptotes at X =—5 and X = 4, the denominator has
factors X + 5 and X — 4. Since the graph has x-intercepts of —2 and 1, the numerator has
factors X + 2 and X — 1. Then, the function is of the form
_ (X+2)(x-1)

(X+5)(x—4)

X*+X-2

x> +x-20
Choice A.

Section 9.2  Page 453 Question 7

a) Since the graph has a vertical asymptote at X = -2, the denominator has factor X + 2.
Since the graph has an x-intercept of —6, the numerator has factor X + 6. Since the graph
has a point of discontinuity at (0, 3), both the numerator and denominator have factor X.
Then, the function is of the form
_ X(x+6)
X(X+2)
x> +6X
x> +2X
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b) Since the graph has a vertical asymptote at X = 1, the denominator has factor X — 1.
Since the graph has an x-intercept of 7, the numerator has factor X — 7. Since the graph
has a point of discontinuity at (-3, 2.5), both the numerator and denominator have factor
X + 3. Then, the function is of the form
y= (x=7)(x+3)

(X=1)(x+3)

x> —4x-21

X*+2x-3

Section 9.2  Page 453 Question 8

a) For vertical asymptotes at X = +5 and X-intercepts of —10 and 4,
* the denominator has factors X + 5 and X — 5

* the numerator has factors X + 10 and x — 4

(X+10)(x—4)

Then, the function is of the form y = .
(X+5)(x=5)

b) For a vertical asymptote at X =—4, a point of discontinuity at (—%, 9) , and an

X-intercept of 8,

* the denominator has factor X + 4

* both the numerator and denominator have factor 2x + 11
* the numerator has factor X — 8

(2x+11)(x—28)

Then, the function is of the formy = .
(X+4)(2x+11)

. . o 1 .
c) For a point of discontinuity at (—2, gj a vertical asymptote at X =3, a, and an

X-intercept of —1,

* both the numerator and denominator have factor x + 2
* the denominator has factor X — 3

* the numerator has factor X + 1

(X+2)(x+1)

Then, the function is of the form y = .
(X+2)(x—3)

d) For vertical asymptotes at X =3 and x = g , and x-intercepts of —% and 0,

* the denominator has factors X — 3 and 7X — 6
 the numerator has factors 4x + 1 and X
(4x+1)x

Then, the function is of the formy= ——.
(X=3)(7x—-6)
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Section 9.2  Page 453 Question 9

X-=3
x> =5x—6
X-3
=, X
(Xx—=06)(x+1)

a) f(x)=

#—1,6

X-3
X* —5X+6
X-3
(X=2)(x-3)

9(x)

:L,x¢2,3
X—=2

The graphs will be different. The graph of f(x) will have two vertical asymptotes, no
points of discontinuity, and one x-intercept. The graph of g(X) will have one vertical
asymptote, one point of discontinuity, and no X-intercepts.

b) My predictions were correct.

{=(h-F 0/ h=-En-G)

n=n Y=k

Section 9.2  Page 453 Question 10

= (h-F 0/ TRE-En+a)

n=z Y=

Since the graph has points of discontinuity at (-3, —3) and (2, —3), both the numerator and

the denominator have factors X + 3 and X — 2. Then, the function is of the form

_ S3(x+3)(x-2)
(X+3)(x=2)

Section 9.2  Page 453 Question 11

a) In factored form, y = —; |
X —

b) _
=iz hz+ ) =10

n=n Y=

_ 2 +])
(X=D(x+1)
at X =1 and x =—1, no points of discontinuity, and no X-intercepts.

2x* 42 ;
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2 - —
c) i) In factored form, y = ¥ gy = 2 =Dx+D)
X -1 (X=1)(x+1)
asymptotes, points of discontinuity at (1, 2) and (-1, 2), and no X-intercepts.
M=2hz-21 Hz-1)

. The graph has no vertical

n=-1 V=

2X7+2 . 2(X*+]D)
Xl T (x> +1)

nor points of discontinuity, nor X-intercepts.

=2+ 20 0z +10

gl
Cal

i) In factored form, y = . The graph has no vertical asymptotes,

n=-1 ¥

Z

Section 9.2  Page 453 Question 12

a) Letw represent the speed of the wind, in kilometres per hour, and t represent the time,

>00 , W#-250.
50+w

in hours, then an equation that represents t as a function of wist=

b) _
=000+ 250D

Tl
L

n=-kn V=gt

c) When the headwind reaches the speed of the aircraft, theoretically it will come to a
standstill, so it will take an infinite amount of time for the aircraft to reach its destination.

d) Example: The realistic part of the graph would be in the range of normal wind speeds
for whichever area the aircratft is in.
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Section 9.2  Page 454 Question 13

a) The function that relates the time, t, in hours, it will take them to travel 4 km along the

channel as a function of the speed, w, in kilometres per hour, of the current is t = 2 .
+W

The domain in this context is {W |4 <w <4, w € R}.

b)
=4, (H+ Y]
=" Y=z

€) When the current against Ryan and Kandra reaches their kayaking speed, theoretically
they will come to a standstill, so it will take an infinite amount of time for the them to
reach their destination.

Section 9.2  Page 454 Question 14

a) There will be a vertical asymptote at p = 100, since 100 — p is a factor of the
denominator only.

b) The graph shows that the percent of EETES TTEEY
the population vaccinated will never [
reach 100%.

WZED C ¥=E0Q

C) Yes, this is a good model for the estimated cost of vaccinating the population. The
vaccination process will become more difficult after the major urban centres have been
vaccinated. It will be much more costly to find every single person in the rural areas.

Section 9.2  Page 454 Question 15

a) The portion of the graph applicable is M 1=BZr Bz (125 -he)
for a domain of [

{Vv|0<v<+125,v e R}.

"

[ L .—f—r_'_.'-.r. —
h=h Y=eErR BREE
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b) As the initial velocity increase, so does the maximum height, but at a greater rate.

€) There will be a vertical asymptote at v= /125, since /125 —V is a factor of the
denominator only. When the initial velocity reaches the non-permissible value, the object
will leave Earth and never return. This models the escape velocity.

Section 9.2  Page 454 Question 16

Since the graph has vertical asymptotes at X =—2 and X = 3, the denominator has factors
X + 2 and X — 3. Since the graph has X-intercepts of —6 and 2, the numerator has factors

X + 6 and X — 2. Then, the function is of the form y = w
(X+2)(x=3)
Check the y-intercept. Substituting X = 0, gives a y-intercept of 2. Since the y-intercept of
_ (x+6)(x-2)

the graph is —1, the function becomes y = .
2(X+2)(x=3)

Section 9.2  Page 455 Question 17

a) Substitute f=4, then | = b4—b4

i 1=H =Y i'._

H'--_———.

n=h =iz

b) The image distance decreases while the object distance is still less than the focal
length. The image distance starts to increase once the object distance is more than the
focal length.

c) The non-permissible value results in a vertical asymptote. This relates to the fact that
as the object distance approaches the focal length, it gets harder to resolve the image.

Section 9.2  Page 455 Question 18

a) Example: Functions f(x) and h(x) will have similar graphs since they are the same
except for a point of discontinuity in the graph of h(x).

b) All three graphs will have a vertical asymptote at X =—b, since X + b is a factor of only

the denominators. All three graphs will also have an x-intercept of —a, since X + a is a
factor of only the numerators.
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Section 9.2  Page 455 Question 19
x> +bx+c

4%* +29x+C
From the point of discontinuity, the corresponding factor X + 8 is common to both the
numerator and the denominator. Substitute X = —8 into the corresponding denominator
equation and solve the C.
4 +29x+¢=0
4(-8)* +29(-8)+¢c=0
c=-24
Substitute X =—8 and ¢ = —24 into the corresponding numerator equation and solve for b.
x> +bx+c=0
(-8)*+ b(-8) + (-24)=0

Given: y = with point of discontinuity at [—8, %j

—8b=-40
b=5
2 2
Then, y = w becomes y = XzLX% . The factored form of
4x°4+29x+cC 4X°+29x-24
2
y= Xzszél isy= w So, the x-intercept is 3 and the vertical
4x°+29x—-24 (x+8)(4x-3)

asymptote occurs at X = % .

Section 9.2  Page 455 Question 20

2x* —4x 1
For f(x)= ————, findy = —f(—(X — 3)).
or #(x) x> +3x-28 mey 4(( )
2x* —4x
fX = —_—
% x> +3x—28

l_ 2(=(x=3))* —4(—(x-3))
4] (—(x=3))* +3(~(x—3))—-28
1[ 20X —6x+9)+4(x-3)
4| x> —6x+9-3(x-3)-28
1] 2% —12x+18+4x-12
4| x> —=6X+9-3x+9-28
1[2x* -8x+6

4| x> -9x-10

1[ X’ —4x+3

2| x*=9x-10

x> —4X+3

2x* —18x—20
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Section 9.2  Page 455 Question 21

a) Since the graph has points of discontinuity at (—4, —2) and (2, 2.5), the corresponding
factors X + 4 and X — 2 are common to both the numerator and the denominator. Ignoring
these points, the equation of the linear function is y = %X +lory= % (3x + 4). Putting
(X+4)(x=2)(3x+4)

Ax+4)(x-2)

these together, gives the function y =

b) Since the graph has points of discontinuity at (-2, 0) and (1, —3), the corresponding
factors X + 2 and X — 1 are common to both the numerator and the denominator. Ignoring
these points, the equation of the quadratic function is y = (X + 2)(X — 2). Putting these
(X+2)*(X=1)(x=2)

(X+2)(x-1)

together, gives the function y =

Section 9.2  Page 456 Question 22

The functions are reciprocals since where the graph of
f(x) has vertical asymptotes, the graph of g(x) has
X-intercepts.

Section 9.2  Page 456 Question 23

a) y- x2+2 i
X =4 X+2
_ X+2 N 5
(X+2)(x=2)  x+2 FA=CH+Z1/ (HZ-Y1+E /(2]
_X+245(x-2)
C(X+2)(x-2)
6X—8

= X#+2
(X+2)(x=2)

The graph will have vertical asymptotes at
X =-2 and X = 2 and no points of discontinuity.

L B b
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2% =7x —15x
T xXP=x-20

_ X(2x+3)(x-5)
C(X=5)(x+4)
_ X(2x+3)
 X+4
The graph will have a vertical asymptote at = EHF-PUE -1 LT -H-

b)

,X#—4,5

X =—4 and a point of discontinuity at (5,%} . L
=

Section 9.2  Page 456 Question C1

a) Example: No. Some rational functions have no points of discontinuity or asymptotes.
2 2

X" —4 X" +2X
5 and h(x) = —;

X" +4 X +4

discontinuity since there are no values that make the denominator 0 nor factors common

between the numerator and denominator.

For example, g(X) = have no vertical asymptotes nor points of

b) Example: A rational function is a function that has a polynomial in the numerator
and/or in the denominator. A factor of only the denominator corresponds to a vertical
asymptote. A factor of both the numerator and the denominator corresponds to a
point of discontinuity.

Section 9.2  Page 456 Question C2

Example: True. All polynomial functions are rational functions since it is possible to
express a polynomial function as a rational function with a denominator of 1.

Section 9.2  Page 456 Question C3

Example: The graphs of rational functions in Section 9.1 all had asymptotes and two
branches. The graphs of rational functions in Section 9.2 had

* no branches, two branches, or three branches

* asymptotes only

* points of discontinuity only

« asymptotes and points of discontinuity

* neither asymptotes nor points of discontinuity
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Section 9.3 Connecting Graphs and Rational Equations

Section 9.3  Page 465 Question 1

+6=X1isy= L—x+6:

a) The single function that can be used to solve 5 5
X— X—

choice B.

b) The single function that can be used to solve 6 —X = L2+ 2isy= L2+ X—4:
X—= X—=

choice D.

c) The single function that can be used to solve 6 —Lz =X-21sy= Lz +X-8:
X—= X—=

choice A.

X
ISy=——-X-6:
X—2 y X=2

d) The single function that can be used to solve X+6 =

choice C.
Section 9.3  Page 465 Question 2

a) The equation has a non-permissible value of 0.

—g+x+1:0
X

2+x*+x=0
X2 +x=2=0
(x+2)(x-1)=0

X=-2 orx=1
By inspection, both values check. The equation has two solutions, X =—-2 and X = 1.

b)
GERTEEY GERTEY
fiz -2 =i tiz1 =i

The equation has two solutions, X =-2 and X = 1.

C) The value of the function is 0 when the value of X is —2 or 1. The X-intercepts of the
graph of the corresponding function are the same as the roots of the equation.
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Section 9.3  Page 465

a) The equation has a non-permissible

value of —i.
3

5X _7
3x+4
5x=7(3x+4)
5x=21x+28
—16x=28
28
16
7

X=——
4

c) The equation has a non-permissible
value of 2.
X2
X—=2
X =(X=6)(Xx=2)
x> =x>—8x+12
8x =12
12
X=—

=X—-6

8
3
X==
2

Section 9.3  Page 465

Question 3

Question 4

b) The equation has a non-permissible
value of 0.
5o 20-3x
X
2x=20-3x
5x=20
Xx=4

d) The equation has non-permissible
values of -3 and 0.

122X

X X+3
X+2 X
X x+3

X* = (X+2)(x+3)
X=X +5X+6

-5Xx=6

6
X=——
5

a) Graph the single functiony = 8_ X —7 and identify the X-intercepts.
X

-] ) c
n="H ¥=0 n=l

The equation has two solutions, X =—-8 and X = 1.

Check:
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For x =-8,

Left Side Right Side
§—4 X+3
X
=—-4 =-8+3
=-5 =-5

b) Graph the single function y =

-1
n=n V=0

The equation has two solutions, X = 0 and X = 3.

Check:

For x =0,

Left Side Right Side

x 10x

2x-1

—2(0) _10(0)
2(0)—-1

=0 =0

¢) Graph the single function
_ 3x +4x-15
X+3
the X-intercepts.

—2x+1 and identify

Forx=1,

Left Side Right Side
§—4 X+3
X

54 -1
1

= 4 =

2x—1

-]
n=x

For x =3,
Left Side Right Side
x 10x
2x—1
—203) _ 1003
2(3)-1
=6 =6

—2X and identify the X-intercepts.

The equation has one solution, X = 4. ek
n=4 V=0
Check:
For x =4,
Left Side Right Side
2 —
3X"+4x-15 w1
X+3
2
_ 34" +44)-15 —2(4)—1
443
=7 =7
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d) Graph the single functiony = 1+

0

The equation has two solutions, X =1 and X =

3
Check:
Forx=1, Forx=§,
Left Side Right Side Left Side
3 x> —4x 3
+ X 1+ + X
Sx—-17 7—-5x Sx—-17
2
3 P40 _ 53
5(1)—7 7-5(1) {j _7
3
1 1 &
2 2 12
Section 9.3  Page 466 Question 5

x> —4x 3

T —5X

5x-17

and identify the X-intercepts.

-]
n=1.6666667 IY=0

Right Side

2
1+x 4x

a) Graph the single functiony = X2—+1 —X+3 and identify the x-intercepts.
X

-]
n=-1z74EEE 1Y=0

-]
n=Z.BE7HEEE 1Y=0

The equation has two solutions, X = —0.14 and X = 3.64.
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X+1

v X-3
X+1=2X(x-3)
X+1=2x>-6X
0=2x>-7x-1
_be b —da
2a
=TT -40)(-1)
B 2(2)
74457
4

X~=-0.14 or x= 3.64

x> —4x—-5

b) Graph the single function y = ————————x—3 and identify the x-intercepts.

2—-5X

-1 -1 )
=-Z.287848 1V=0 n=.77ENTER 1V=0

The equation has two solutions, X = —2.30 and X = 0.80.

x> —4x-5
2-5x
X* —4x—5=(x+3)(2-5x)
X* —4x—5=-5x>-13x+6
6X> +9x—11=0
X=—biVW—4ac
2a
—94+.,/92 —4(6)(~11)
) 2(6)

-9++/345

12
X=-2.30 or x=0.80

X+3
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c) Graph the single functiony = 3— 7—X2 _2 and identify the x-intercepts.
X—2 X

e .-___,--'__. 2eFa .-___,--'__.
n=-s qiheEdy 1Y=n n=biyeizER 1Y=n

The equation has two solutions, X = -2.41 and X = 0.41.

2 5 Tx
X X—=2
g_—6—4x
X X—2

2(X—2) = X(—6 —4X)
2X—4 =—6X—4%°
4> +8x—-4=0
o —b++/b*—4ac
2a
) 2(4)
_ —8+4/128

8
X=-2.41orx=0.41

d) Graph the single functiony = 1+ % + xtl and identify the x-intercepts.
X+ X

Tl

2k 2k
a=-E.7ZHe1Z 'Y'=0 n=-.2al1zB72 'Y'=0
The equation has two solutions, X = —5.74 and X = —0.26.
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5 _x+1

2+ =1
X+3 X
2x+11_:1
X+3 X

X(2X+11)=—(x+3)
2x* +11x=-x-3
2X* +12x+3=0
X=—bidﬁ—4ac
2a
—12+4/122 - 4(2)(3)
) 20)
~12++/120

4
X=~-5.74 orx=-0.26

Section 9.3  Page 466 Question 6

a) The equation has a non-permissible value of 2.

3X X+4

=2 psx=22

X=2 X=2

5x2=7x _ x+4

X—=2 X—=2

52 —7x=x+4
5% —8x-4=0

(5x+2)(x-2)=0
X=—g orX=2

.. 2 . .
The solution is X = —g , since X = 2 is an extraneous root.

Graph the system of functions and find the points of intersection.

p—

ane

Interseckion |
==y ¥Y=-1iE

The solution is X =—0.4, or 2 , which is the same as the answer found algebraically.
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b) The equation has a non-permissible value of —4.
3% +14x+8

X+4
(2X+3)(X+4) =3x" +14x+8

2X2 +11X+12=3%x>+14x+8

2X+3=

0=x"+3x—4
0=(x+4)(x-1)
X=—4orx=1

The solution is X = 1, since X = —4 is an extraneous root.
Graph the system of functions and find the points of intersection.

Interseckion
n=l o ¥=£

The solution is X = 1, which is the same as the answer found algebraically.

€) The equation has a non-permissible value of 3.

ox +3x= 2¢ -5
X—=3 X-3
3x*—=3x _ 2X* —5x+15
Xx-3  Xx-3
3x* —3x=2%x"-5x+15
X +2x-15=0
(X+5)(x-3)=0
=-50rx=3

The solution is X = -5, since X = 3 is an extraneous root.
Graph the system of functions and find the points of intersection.

S

=

Interseckion |
n=-t Y=-11.z2%

The solution is X =5, which is the same as the answer found algebraically.
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d) The equation has non-permissible values of 0 and 1.

22><—1+4= X
X =X x—1
4x* -2x-1 X
X(X—1) Cx-1
4x* —2x—1=x°
3x*—2x-1=0

GBx+1)(x=1)=0

X=—l orx=1
3

. 1 . .
The solution is X = —E , since X =1 is an extraneous root.

Graph the system of functions and find the points of intersection.

Inkerseckion
n=- EREEEEE NYEEE

The solution is X = —% , which is the same as the answer found algebraically.

Section 9.3  Page 466 Question 7

Example: Yunah’s approach is correct, but she should have indicated that the non-
permissible value is 1.

Section 9.3  Page 466 Question 8

Solve algebraically. The equation has non-permissible values of 1 and 2.

2x+1 2 3
x—1 x+2 2
2X+1  4-(3x+6)
x—1  2(x+2)

2(X+2)2x+1) =(x-1)(-3x-2)
4% +10X+4=-3X> +X+2
7> +9x+2=0
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—b++/b* —4ac
2a

—9+/92 —4(7)(2)
2(7)

—9+/25

14
—9+5
14

The solution is X = —% , or about —0.29, and X = —1.

Solve graphically. Graph the system of functions and find the points of intersection.

Suu RN s

Inkekseckion Inkerseckion
=1 V=t n= 2B 1YY= BEEEEEE

The solution is X =—1 and X = —0.29, which is the same as the solution found
algebraically.

Section 9.3  Page 466 Question 9

Solve algebraically. The equation has non-permissible value is —2.
1 X

2———=——+1
X+2 X+2
1 — L + L
X+2 X+2
1o X+t
X+2
There is no solution.
Solve graphically. Graph the system of __’/-'
functions and find the points of -
intersection. e —

The graphs do not intersect, so there is
no solution. This is the same as the result
found algebraically.
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Section 9.3  Page 466 Question 10

Substitute P =500 and | = 5 into | = ——-.
4nd
P

 4nd?

_ 500

 4nd?

~ 500

- 20m

25

T

=

d =2.820...
At approximately 2.82 m from a 500-W light source the is intensity 5 W/m?.

d2

d2

Section 9.3  Page 466 Question 11

Substitute C = 2 into C(t) = —o |
1.2t* +5
50t
C(t)=
© 1.2t +5
_ 50t
1.2t +5

Solve graphically. Graph the system of functions and find the points of intersection.

Interseckion
M=E0 GEiEPE Y=z

Approximately 20.6 h after drinking coffee the person’s level dropped to 2 mg/L.

Section 9.3  Page 467 Question 12

Substitute T = 10 and a = 30 into T = 22—

a+b’
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ab

T=
a+b
102 30b
30+b

10(30+b) = 30b
300+10b = 30b
300 = 20b

b=15
It would take James 15 min to set it up by himself.

Section 9.3  Page 467 Question 13

a) Given: 28 shots on net, scored 2 goals
If X represents the number of shots she takes from now on and she scores on half of them,
2+0.5x

28+X

then a function that represents Rachel’s shooting percentage is p =

b) Substitute p=0.3.
2+0.5x

284X
~2+0.5x
 28+x
0.3(28+Xx)=2+0.5x
6.4 =0.2x
X=32
It will take 32 more shots for her to bring her shooting percentage up to her target.

0.3

Section 9.3  Page 467 Question 14

21.2T*=877T +9150
T2 -23.6T +760

a) Substitute C(T) =15 into C(T) = . Solve graphically.

—

T

':i:_'n_t-ar's-z-:ti-:-n
W=zan ZEQRE  YoiE

According to this model, at a temperature of approximately 200.4 K the coefficient of
thermal expansion will be 15.
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b) Determine the temperature for C(T) = 10 and C(T) = 17.
/__'_,_/————__ 3 pE—=

Interseckion Interseckion
M=B7 BEZEEY Y=10 MZE0P.ZENFE P17

The temperature has to increase about 307.3 — 98.0, or 209.3 K.
Section 9.3  Page 467 Question 15

a) Given: solution A 0.05 g/mL, solution B 0.01 g/mL, start with 200 mL of solution A
and pour in X millilitres of solution B

An equation for the concentration, C(X), of the solution after X millilitres have been added
is C(x) = 200(0.05)+0.01x or C(x) = 10+0.01x .

200+ X 200+ x

b) Substitute C(x) = 0.023. Solve graphically.

Intersgckion
a=Y1E.ZE46z Y=.02E
Approximately 415 mL need to be added to make a solution with a concentration of

0.023 g/mL.

Section 9.3  Page 467 Question 16

Solve graphically. Graph the system of
functions and find the points of
intersection.

The solution is X = 1.48.

ki
Lu7EREE? IV=-2.5PEzBEE

Solve algebraically. The equation has non-permissible values of -2 and 2.
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X L 5Xx
X+2 x> —4
X(X=2)=3(X* —4) = 5x+ X(X* —4)
X* —2X=3x+12 =5+ X’ —4x
0=x"+2x>+3x-12
Using the factor theorem to test the possible integral factors of £1, £2, +3, +4, +6, £12,
there is no integral factor. Graph y = x> + 2x* + 3x — 12 and determine the x-intercept.

+ X

ZeFn
n=l. 458" 1Y=n0
The solution is X = 1.48.

Section 9.3  Page 467 Question 17

a) x—18Ss :

X—1 /,J"

X—18 <5(x—1) "
X—18<5%x—5 T
_4x <13 : ffff"_

13 .

__- Inkerseckion

X2 Hz-ze o [y=g

o . . o . 13
Taking into consideration the non-permissible value of X = 1, the solution is X < —— or

X>1.

5 S 2x+17
X—2 X+6
5(X+6)>(x=2)2x+17)
5x+30>2x>+13x—-34
0>2x>+8x—64
0> x> +4x-32
0>(x+8)(x—4)

Taking into consideration the non-permissible values of X =2 and X = —6, the solution is
—8<x<—-6or2<x<4

b)
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Interseckion
n=-8

Interseckion
n=y |

y=-k =z.kE

Section 9.3  Page 467 Question C1

o 1 .
Example: No, this is incorrect. For example, — = 0 has no solution.
X

Y1=1/%

M= =

Section 9.3  Page 467 Question C2

Example: The extraneous root in the radical equation X =+/X+ 6 occurs because there is

a restriction that the radicand be positive. This same principle of restricted domain is the

. . 3X 6
reason why the rational equation =X- has an extraneous root. Extraneous

X+2 X+2
roots can be identified by comparing any solutions with the domain restrictions.

Section 9.3  Page 467 Question C3

Example: I prefer a combination of graphical and algebraic to solve rational equations.
The graphical method eliminates any extraneous solutions, but may give only
approximate answers. The algebraic method may result in extraneous solutions but can
provide exact answers.
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Chapter 9 Review
Chapter 9 Review  Page 468 Question 1

a) Fory= il,aZ& h=1, and k = 0. The graph of the
X_

: 1 .
base function y = — must be stretched vertically by a factor of
X
8 and translated 1 unit to the right. The domain is
{Xx|x#1,x € R} and the range is {y |y # 0,y € R}. There is
no X-intercept. The y-intercept is —8. The vertical asymptote is
at X =1 and the horizontal asymptote is aty = 0.

b) Fory= §+2,a=3,h:0, and k = 2. The graph of the
X

base function y = 1 must be stretched vertically by a factor of
X

3 and translated 2 units up. The domain is {X | X # 0, X € R}

and the range is {y | Y # 2, Yy € R}. The x-intercept is —%.

There is no y-intercept. The vertical asymptote is at X = 0 and
the horizontal asymptote is at y = 2.

c) Fory= —%—S,aZ—IZ, h= -4, and k =-5. The graph

of the base function y = 1 must be stretched vertically by a
X

factor of 12, reflected in the X-axis, and translated 4 units to
the left and 5 units down. The domain is {X | X # -4, X € R}

and the range is {y | Y # -5, ¥ € R}. The x-intercept is —%, or

—6.4. The y-intercept is —8. The vertical asymptote is at X =—4
and the horizontal asymptote is at y = 5.
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Chapter 9 Review  Page 468 Question 2

X . .
a) Fory= Y the vertical asymptote is at X =2, the
X+

horizontal asymptote is at y = 1, the X-intercept is 0, and
the y-intercept is 0.

2X+5

b) Fory= , the vertical asymptote is at X = 1, the

horizontal asymptote is at y = 2, the x-intercept is —2.5,
and the y-intercept is —5.

LT A

'|'1=IIEH+5:I.-'IZH-E.:I \\k_

P SN

n=o Y=k
¢) Fory=———", the vertical asymptote is at X = 6, =l L= 1/ =51
the horizontal asymptote is at y = -5, the X-intercept is [
—0.6, and the y-intercept is 0.5. — B
w=n L Y=.B
Chapter 9 Review  Page 468 Question 3
Ifix) = %
g"l:.'f.l I 'E:']_ + 2
-l P
—16]—12~8 | #10
u.ll llf
1k
Characteristic f(x) :iz g(x) :LZ+2 h(x) :2_—4
X (x-3) X*+12x + 36
Non-permissible K=0 « =3 K =6
value
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. As X approaches 0, | As X approaches As X approaches —6,
Behaviour near non-
. ly| becomes very 3, |y| becomes very | |y| becomes very
permissible value |
arge. large. large.
As |X| becomes As |X| becomes As |X| becomes very
End behaviour very large, y very large, y large, y approaches
approaches 0. approaches 2. 0.
Domain {X|x#0,x € R} {X|x#£3,x e R} {X|x#—-6,X € R}
Range _ {yly>0.yeR} | {yly>2.yeR} {yly<0,y e R}
Equation of vertical x=0 X =3 X=—6
asymptote
Equation of _ _ -
horizontal asymptote y=0 y=2 y=0

Each function has a single non-permissible value, a vertical asymptote, and a horizontal
asymptote. The domain of each function consists of all real numbers except for a single
value. The range of each function consists of a restricted set of the real numbers. |y|
becomes very large for each function when the values of X approach the non-permissible
value for the function.

Chapter 9 Review  Page 468 Question 4

a) Let X represent the number of uniforms ordered. Let y represent the average cost per
500+ 35x

X

uniform. Then, a function to model this situation is y =

1=0EER+ 000/

WZE0 V=G0

b) As the number of uniforms ordered increases, the average cost per uniform decreases.

500+35x

€) Graphy= ————— and y =40, then determine the [t
X
point of intersection. [ k

The league needs to order 100 uniforms.

T

Int-zr's-a;:ti-:-i'u
n=inn ¥4
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Chapter 9 Review  Page 468 Question 5

2

X°+2X ) .
can be written in factored REEEEFIT /
X 3
. The graph has a point of .

discontinuity at (0, 2), since X is a factor of both the
numerator and the denominator.

M= =

a) The functiony =

formasy= X(x+2)

x* =16

b) The functiony =

can be written in factored =Rz —1R1/ (=41

(X=4)(x+4)
X—4 e
discontinuity at (4, 8), since X — 4 is a factor of both the //_,-/""-

numerator and the denominator.

formasy= . The graph has a point of

By s

2

¢) The function y = 2x Z3%=5 can be written in factored form as y = @x=9)x+1) .
2X-5 2X-5

The graph has a point of discontinuity at (2.5, 3.5), since 2X — 5 is a factor of both the

numerator and the denominator.

Chapter 9 Review  Page 468 Question 6

—————— isAX) = _ X4
x> —5x+4 (X=4)(x-1)

asymptote at X = 1, a point of discontinuity at about (4, 0.3), and no X-intercepts:
Graph 3.

In factored form, A(X) = . The graph has a vertical

x> +5x+4 is B(X) = (X+4)(x+1)
x> +1 x> +1

asymptotes, no points of discontinuity, and x-intercepts of -4 and —1: Graph 1.

In factored form, B(X) = . The graph has no vertical

In factored form, C(X) = );_1 is C(x) = X—_l
X" -4 (X+2)(x-2)

asymptote at X =—2 and X = 2, no points of discontinuity, and an X-intercept of 1:
Graph 2.

. The graph has vertical
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Chapter 9 Review  Page 469 Question 7

a)
R ELTLTTEAE FTEH

HZED T

b) As the percent of the spill cleaned up approaches 100, the cost approaches infinity.

c) No, it is not possible to clean up 100% of a spill. The function has a vertical
asymptote at p = 100.

Chapter 9 Review Page 469 Question 8

a) The equation has a non-permissible value of 2.

x+i—7 =0
X=2
X(X=2)+4-7(x-2)=0
x> —9x+18=0
(X=3)(x-6)=0
X=3 or X=6
By inspection, both values check. The equation has two solutions, X = 3 and X = 6.

b)
BE T BE T
h V=i H=h V=i

The equation has two solutions, X =3 and X = 6.

c) The value of the function is 0 when the value of X is 3 or 6. The x-intercepts of the
graph of the corresponding function are the same as the roots of the equation.
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Chapter 9 Review  Page 469 Question 9

a) Graph the single function 'y = 33 X+ 8 and identify the x-intercepts.
X

e s g
n=-z V=0 n=il V=0
The equation has two solutions, X =-3 and X =11.
x—8:EE
X
X(X—8) =33
X’ —8x =33
X —8x—-33=0
(x=11)(x+3)=0
X=-3orx=11
. . x—10 ) . .
b) Graph the single function y = 7 X+ 2 and identify the x-intercepts.

cEl ko
nzh vz n=h vz
The equation has two solutions, X =4 and X = 6.
x—10
=Xx-2
X=17

X=10=(X=2)(Xx=7)
X—10=x"-9x+14
0=x>—10x+24
0=(x-6)(x—4)
X=6orx=4
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c) Graph the single function y = 3x-1
X+2

— —

— X+ 3 and identify the x-intercepts.

ek o ZelFa
n=-1 V=0 n=t V=0

The equation has two solutions, X =—1 and X = 5.

x:3x_1+3
X+2

X(X+2)=3Xx-1+3(x+2)
X*+2X=3Xx-1+3x+6
X' —4x-5=0
(X=5)(x+1)=0
X=5o0rx=-1

13-4x

d) Graph the single functiony =

2 f’h“ﬁu 2eFe Frhhhu
n=-c =i n=h.E =i

The equation has two solutions, X = -2 and X = 4.5.

13—-4x
X-35
2x+1)(x=5)=13-4x
2X* —9x—5=13-4x
2x* =5x-18=0
(2x-9)(x+2)=0
X=450rx=-2

2X+1=
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Chapter 9 Review  Page 469 Question 10

a) Graph the single function y = %— 3 and identify the X-intercepts.

b
n=c.f142BEF 1Y=0
The equation has one solution, X = 2.71.

b) Graph the single function y = —1.2x+3.9 and identify the X-intercepts.

X+6.7

-~ -~

2k 2k
a="6.15464HE Y'=0 A=2.E370782 'Y=0
The equation has two solutions, X = —6.15 and X = 3.54.

5X+4
X+1

N N

c) Graph the single function y = —3X—2 and identify the x-intercepts.

b ki
n=".B164966 IY=0 n=.H1649658 IY=0
The equation has two solutions, X = —0.82 and X = 0.82.

2
d) Graph the single functiony = szg —% X+ 2 and identify the X-intercepts.
X+

-]
n=Z.BBBEBBES 1V=0

The equation has one solution, X = 2.67.
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Chapter 9 Review  Page 469 Question 11
a) The domainis {d|-0.4<d<2.6,d € R}.

b) As the distance along the lever increases, less mass can be lifted.

=0 LY

n=1 ¥=14.2B5714

c) The function has a vertical asymptote at its non-permissible value, d = —0.4. Since this
is outside the domain, it has no effect on this situation.

The non-permissible value corresponds to the fulcrum point, which does not move when
the lever is moved. As the mass gets closer to the fulcrum, it is possible to move a much

heavier mass, but when the mass is on the fulcrum, it cannot be moved.

d) Substitute m=17.5.

20
m=
d+04
17.5= 20
d+0.4
17.5(d +0.4) =20
17.5d =13
d=0.742...

The lever can support a maximum possible mass of 17.5 kg at a distance of
approximately 0.74 m from the fulcrum.

Chapter 9 Practice Test
Chapter 9 Practice Test Page 470 Question 1

A vertical asymptote at X = 2 corresponds to a factor of X — 2 in the denominator of the
rational function: choice C.

Chapter 9 Practice Test Page 470 Question 2

x> —2X . X(X—2)
> can be writtenasy = ———.
X" =5x+6 (X=2)(x=3)

vertical asymptote at X = 3, a point of discontinuity at (2, —2), and an X-intercept of 0:
choice D.

The function y = The graph will have a
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Chapter 9 Practice Test Page 470 Question 3

The function y = —iz has a vertical asymptote at X = 2. So, as X approaches 2, |y|

becomes very large: choice C.

Chapter 9 Practice Test Page 470 Question 4

The roots of 5 —x = X+2
2X-3

can be found by determining the X-intercepts of the graph of

y= X+2 + X — 5: choice B.
2Xx-3

Chapter 9 Practice Test Page 470 Question 5

_6x-5

CX+7
_6x+42-42-5
B X+7
_6(x+7)—47
B X+7
_6(x+7) 47
x+7 _x+7

Choice D.

Chapter 9 Practice Test Page 470 Question 6

The graph of the function y = , will have a vertical asymptote at

,ory=
x—x X(x—1)

X =1, a point of discontinuity at (0, —1), no intercepts. Choice C.

Chapter 9 Practice Test Page 470 Question 7

2
—X+6 and

Graph the single function y =
X+1

identify the x-intercepts.

The equation has one solution, X =—1.2.
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2
X—6=
X+1

(X—6)(x+1)=x>
x> —=5x—6=x*
-5x=6

X= —g or—1.2
5
Chapter 9 Practice Test Page 470 Question 8

a) Fory= —%—3 ,a=-6,h=-4, and k =-3. The graph of the base function y = 1 is
X+ X

vertically stretched by a factor of 6, reflected in the x-axis, and translated 4 units to the
left and 3 units down.
Vi

DTN W W B

T
T
1
]
¥
1
I
1

b) The domain is {x | X #—4, X € R} and the range is {y |y #-3, Yy € R}. The vertical
asymptote is at X = —4 and the horizontal asymptote is at y = —3.The X-intercept is —6.
The y-intercept is —4.5.

Chapter 9 Practice Test Page 470 Question 9

Graph the single function y = % 3 5 and identify the X-intercepts.
X+ X

e e
n=-z.H71FE  IY=n =-.7FcBzzog I'Yf=i

The equation has two solutions, X = —-2.47 and X = —0.73.
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Chapter 9 Practice Test Page 470 Question 10

a) Simplify the function.

[’z
2
_ X —2x-8 e
X—4
_ (X=H(x+2) 4
X—4
=X+2,X#4

The graph has a point of discontinuity at (4, 6).

b) As x approaches 4, y approaches 6.

Chapter 9 Practice Test Page 471 Question 11

22X +7x-4
X +x-12
_(2x=D(x+4)
(X+4)(x-3)
_2x-1
 x-3
The graph will have a vertical asymptote at X = 3. Substituting X = —4, the graph will have

,X#—4,3

a point of discontinuity at (—4, %j . By substituting y = 0 and x = 0, the graph will have
. 1 . 1 .
an X-intercept of ) and a y-intercept of 3’ respectively.

Chapter 9 Practice Test Page 471 Question 12

x> —9x

a) In factored form, A(X) = s A(X) = x(x=9) . The graph has no vertical
X
asymptotes, a point of discontinuity at (0, —9), and an X-intercept of 9: graph D.

2 2

X X
b) In factored form, B(X) = 1s B(X) = ———— . The graph has a vertical
) ) X -9 ) (X+3)(x=23) SHap
asymptote at X = %3, no points of discontinuity, and an x-intercept of 0: graph A.
2
c) In factored form, C(x) = X 5 4 is C(x) = w The graph has a vertical
X X

asymptote at X = 0, no points of discontinuity, and X-intercepts of -3 and 3: graph B.
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2 XZ

d) In factored form, D(X) = — is D(x) = . The graph has a vertical
X" —9x X(X—-9)
asymptote at X =9, a point of discontinuity at (0, 0), and no X-intercepts: graph C.
Chapter 9 Practice Test Page 471 Question 13
=i =21/ YRz -0 =i =21/ YRz +8)
el

n=1.K Y= n=1.K =i
In factored form, f(x) = 2_ 3 is f(x) = 2x=3 . The function g(Xx) = 2x =3

4x° -9 (2x-3)(2x+3) 4X~+9

cannot be factored.

The graph of f(x) has a vertical asymptote at X = —% , since 2X + 3 is a factor of only the

denominator. The graph of f(X) has a point of discontinuity at (%, %J . This is because

2x — 3 is a factor of both the numerator and the denominator.

Since the denominator of g(x) will never equal 0, the graph of g(x) has no vertical
asymptotes. Since there are no factors common to the numerator and denominator, the
graph of g(X) also has no points of discontinuity.

Chapter 9 Practice Test Page 471 Question 14

a) The equation has a non-permissible value of 2.

2 —
X _2:3x 2
X—2 X—=2

x> =2(x=2)=3x-2

X2 —2X+4=3x-2

X*=5X+6=0
(x=2)(x-3)=0
X=2o0rx=3

The solution is X = 3, since X = 2 is an extraneous root.
Alex should have excluded the extraneous root.

b) Graph the system of functions and find the points of intersection.
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n=E =71

The solution is X = 3. The graphical method eliminates extraneous roots.

Chapter 9 Practice Test Page 471 Question 15

a) Given: 31 putts, 10 successes
If X represents the number of putts Jennifer takes from now on and she is successful on
half of them, then a function that represents her average putting success rate is

A= 10+ 0.5x .
31+X
. 10+ 0.5x : . :
b) Graph the functions A = x| and A = 0.40 and find the point of intersection.
+ X

Inkerseckion
=l ¥=4

It will take 24 more putts for Jennifer to bring her average putting success rate up to her
target.

Chapter 9 Practice Test Page 471 Question 16

a) The domainis {v|v>4,v e R}, since speed (and time) must be positive and v =4 is
a non-permissible value.

b) As the boat’s speed increases, the total time for the round trip decreases.
=40 AT E=1h]
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C) As the boat’s speed approaches 4 km/h, the time it takes for a round trip approaches
infinity. The water flows at 4 km/h. If the boat’s speed is less, the boat will never make

the return trip, which is why there is an asymptote at X = 4.

d) The round trip will take 90 min, or 1.5 h. Graph t = 40v
v

oint of intersection.

L

ol

I e S—

Interseckion

LR . e

The boat speed needed is approximately 27.25 km/h.
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