Chapter 4 Trigonometry and the Unit Circle
Section 4.1 Angles and Angle Measure
Section 4.1 Page 175 Question 1

a) —4n is a clockwise rotation

b) 750° is a counterclockwise rotation

¢) —38.7° is a clockwise rotation

d) 1 radian is a counterclockwise rotation

Section 4.1 Page 175 Question 2

T ¥
a) 30° =30) = i}
180 __..-""ir
< AE
_T < ul %
6
L/
b) 45° =45(ij
180
_r
4
¥
¢) —330° =—330(i)
180 11w ol
E_.-"" g ol
__H=n \
6
L/
T
d) 520° =520] — 26w
) (180) « A8
_26m W,
9
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e) 90° =90(ij
180

ki
2

T
210 =21 =
D (180)

_Tn
60

Section 4.1 Page 175

a) 60° :60(ij
180

— w3

d) 72° =72| =
180

Section 4.1 Page 175

n  180°
a) —=
6 6

=30°

St 5(180°)

2 2
= _450°

d) —

7
60 .

__.-L"-..i'.:l =

Question 3

b) 150° = 150(ij
180

~2.62

e) —14.8°

—_148| X
180

_148n
1800
37n

450

~—0.26

Question 4

21 2(180°)
3 3
=120°

0 1:1(180"]
T

_180°
o
~57.3°

b)
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¢) —270° =-270|
180

__ 3m
2
~—4.71

T
540° =540| —
) (180j

=3n
~9.42

o 3™ __3080)
8 8

=-67.5°

f) 2.75:2.75[180 ]

T

_ 495°
T
~157.6°
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Section 4.1 Page 175 Question 5
2) 2_7t:2(180 ) b) 7_7t:7(180 ) c)gzg 180
7 7 13 3 3\ =
_360° _ 1260° 120°
7 T
~51.429° ~ 96.923° ~138.197°
d) 3.66=3.66(180 ) e) —6.14=—6.14(180 j f) —20:—20(180 j
T T T
~ 658.8° _1105.2° _3600°
T T T
~209.703° ~—351.796° ~—1145.916°
Section 4.1 Page 175 Question 6

a) An angle that measures 1 radian is in
quadrant I.

¢) An angle that measures 17?“ is in

quadrant II.

2w . .
€) An angle that measures Y is in

quadrant III.
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b) An angle that measures 225° is in
quadrant II.

d) An angle that measures 650° is in
quadrant V.
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f) An angle that measures —42° is in
quadrant IV.

Section 4.1 Page 176 Question 7

a) 72°+360°=432° 72° —360° =-288°
For an angle of 72°, one positive coterminal angle is 432° and one negative coterminal
angle is —288°.

b) 3—n+2n=& 3—n—2n=—5—n
4 4

3n .\ : . 1ln . .
For an angle of 7 one positive coterminal angle is e and one negative coterminal

angle is L
1

c) —120° + 360° = 240° —120° —360° = —480°
For an angle of —120°, one positive coterminal angle is 240° and one negative coterminal
angle is —480°.

o 1T o Tn lx_ o ®
2 2 2 2

11xn .. . . In . .
For an angle of T, one positive coterminal angle is 7 and one negative coterminal

angle is I
5

e) —205° + 360° = 155° —205° —360° = -565°
For an angle of —205°, one positive coterminal angle is 155° and one negative coterminal
angle is —565°.

f) 7.8 -2n=1.5 7.8 —4n=-4.8

For an angle of —7.8, one positive coterminal angle is 1.5 and one negative coterminal
angle is —4.8.
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Section 4.1 Page 176 Question 8

a) The angles %t and ”Tn are coterminal because

5w S5t 12=m
—+2n=—+—
6 6 6
1T
6

b) The angles on and 17?“ are not coterminal because 5?75 is coterminal with g which

falls on the positive y-axis, while 17n is coterminal with 5% , which is in quadrant II.

¢) The angles 410° and —410° are not coterminal because 410° is coterminal with 50°
and so is in quadrant I, while —410° is coterminal with 310° and is in quadrant IV.

d) The angles 227° and —493° are coterminal because —493° is coterminal with
—493° + 2(360°) which is 227°.

Section 4.1 Page 176 Question 9

a) The coterminal angles for 135° are 135° + (360°)n, where n is any natural number.

. T T :
b) The coterminal angles for 5 are 5 +2zn, where n is any natural number.

¢) The coterminal angles for —200° are —200° + (360°)n, where n is any natural number.
d) The coterminal angles for 10 radians are 10 + 2zn, where n is any natural number.

Section 4.1 Page 176 Question 10

Example: Choose —45°. ¥
—45° =—45° + 360°
=315°

In general, all angles coterminal with —45°
are given by —45° + (360°)n, where n is any
natural number.
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Section 4.1 Page 176 Question 11

a) 65°+360°=425°
In the domain 0° < 0 < 720°, the angle 425° is coterminal with 65°.

b) —40° + 360° = 320°
In the domain —180° <6 <360°, the angle 320° is coterminal with —40°.

¢) —40°+ 360° =320° —40° — 360° =—400°

—40° + 2(360°) = 680°

In the domain —720° < 0 < 720°, the angles —400°, 320°, and 680° are coterminal
with —40°.

d) 3—75—2712—5—7I
4 4

In the domain —2n < 0 < 2m, the angle —%T is coterminal with %t .

o —UT o, 2m L Hm 2 Br
6 6 6 6 6
In the domain —4x < 6 < 4m, the angles —23—n, % and 13n are coterminal with _ll?n.
P T g=0
3 3 3 3

In the domain, 27t < 0 < 4m, the angles g and —5?71 are coterminal with 7—3“ .

g) 24-2n~=-39
In the domain —2n < 0 < 2, the angle —3.9 is coterminal with 2.4.

h) -7.2+2n=-09 -72+4n=54 —7.2 —2n = —13.5 (outside specified domain)
In the domain —4n < 0 < 2m, the angles —0.9 and 5.4 are coterminal with —7.2.
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Section 4.1 Page 176 Question 12

a) Use a proportion with r = 9.5 and central angle 1.4 radians.

arc length  central angle

circumference complete rotation

arc length 1.4

2n(9.5) 2m
arc length =1.4(9.5)
=13.3

The arc length is 13.3 cm.

b) Use the formula a =0r, with r=1.37 and 6 = 3.5.
a=3.5(1.37)

=4.795
The arc length is 4.80 m, to the nearest hundredth of a metre.

¢) Use a proportion with r = 7 and central angle 130°.
arc length ~ central angle

circumference complete rotation
arc length 130

2n(7) 360
arc length =M
36
~15.88

The arc length is 15.88 cm, to the nearest hundredth of a centimetre.

d) Use a proportion with r = 6.25 and central angle 282°.
arc length  central angle

circumference complete rotation
arc length 282
21(6.25) 360

282(12.5m)

360
~30.76

arc length =

The arc length is 30.76 in., to the nearest hundredth of an inch.
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Section 4.1 Page 176 Question 13

a) Use the formula a=0r, witha=9 and r = 4.

9=10(4)

9 —

4
2.25=0

The central angle is 2.25 radians.

b) Use the formulaa=0r, with6=1.22 and r =9.
a=1.2209)

=10.98
The arc length is 10.98 ft.

¢) Use the formula a = 0r, with a =15 and 6 = 3.93.
15=3.93r

15
— =y

3.93
3.82=r

The radius is 3.82 cm, to the nearest hundredth of a centimetre.

d) Use a proportion with r = 7 and central angle 140°.
arc length

central angle

circumference complete rotation
arc length 140

2n(7) 360
arc length = 14(14m)
~17.10

The arc length is 17.10 m, to the nearest hundredth of a metre.

Section 4.1 Page 176 Question 14

a) Use the formulaa=0r, withr=5and 6 = S?R .

a:(S_“js
3
B 25n

3
~26.18
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. 25
The arc length of the sector watered is Tn m or 26.18 m, to the nearest tenth of a metre.

b) Use a proportion with r = 5 and central angle S?R .

area of sector _ central angle
area of circle complete rotation
Sn
area of sector 3
(5 2n

5(25m)

area of sector =

25n

The area of the sector watered is , or approximately 65.45 m”.

¢) The sprinkler makes one revolution every 15 s, so in 2 min it will make 8 revolutions.
In 2 min the sprinkler will rotate through 8(2r) radians, which is 16z radians, or 8(360°)

which is 2880°.

Section 4.1 Page 177 Question 15

a) One revolution in 24 h is the same as:
360°
24

per hour, which is 15°/h; or « radians in 12 h, which is % radians/h

b) 1000 rpm = 1000(27) radians/min

= M radians/s

00m

. 1 .
The angular velocity of the motor is radians per second.

10(360°)

¢) 10 revolutions in 4 s is or 900° per second.

In one minute, this is 60(900°) or 54 000°.
The angular velocity of the bicycle wheel is 54 000°/min.
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Section 4.1 Page 177 Question 16

a) Use the formula a=0r, witha=170 and r = 72.

170 = 0(72)
170
=
2.36=0

The central angle of the cable swing is 2.36 radians, to the nearest hundredth of a radian.

b) 2.36 radians =2.36(180 j
T

~135.3°
The measure of the central angle is 135.3°, to the nearest tenth of a degree.

Section 4.1 Page 177 Question 17

Revolutions Degrees Radians
a) 1 rev 360° 2w
3
b) 0.75 rev 270° T" or 4.7
5
0) 0.4 rev 150° ?"
d) —0.3 rev -97.4° -1.7
2
e) —0.1 rev —40° T or—0.7
9
7
) 0.7 rev 252° ?n or 4.4
13
2) 325 rev ~1170° —T“ or —20.4
h) 23 or 1.3 rev 460° 23m or 8.0
18 9
i) 3 or-0.2rev | -67.5° 3
16 8

Section 4.1 Page 177 Question 18
Joran’s answer includes the given angle, obtained when n = 0. Jasmine’s answer is better

as it excludes the actual given angle and just generates all positive and negative
coterminal angles.
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Section 4.1 Page 177 Question 19

a) 360° =400 grads
So, 1° = 400 grads
360

10

460

Then, 50° =50 =—

360

9
_500
9
~ 55.6 grads
b) Use the equivalence 360° = 400 grads. To convert from degrees to gradians, multiply

the number of degrees by % . To convert from gradians to degrees, multiply the

number of gradians by 360 .
400

¢) The gradian was developed in France along with the metric system. A right angle, or
90° is 100 gradians and so fractions of a right angle can be expressed in decimal form in
gradians.

Section 4.1 Page 178 Question 20

a) The central angle 1s 62.45° —49.63°, Yellowknife 62.45"
or 12.82°. Er;g;gest

b) Use a proportion with r = 6400 and central angle 12.82°.

arc length central angle

circumference complete rotation
arc length  12.82
2m(6400) 360
12.82(1280m)
36
~1432.01
The distance between Yellowknife and Crowsnest Pass is 1432.01 km, to the nearest
hundredth of a kilometre.

arc length =
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¢) Example: Bowden and Aidrie are both approximately 114° W. Bowden is at 51.93° N
and Airdrie is at 51.29° N.
So, the central angle is 51.93° — 51.29° or 0.64°.
Use a proportion with r = 6400 and central angle 0.64°.
arc length ~  central angle

circumference complete rotation

arc length  0.64

2m(6400) 360
0.64(1280m)

36
~71.49

The distance between Bowden and Aidrie is 71.49 km, to the nearest hundredth of a
kilometre.

arc length =

Section 4.1 Page 178 Question 21

133.284(1000) .

60
=2221.4 m/min
Sam Whittingham’s speed, in the 200-m flying start race, was 2221.4 m/min.

a) 133.284 km/h =

b) The bicycle wheel circumference is w(0.6) m.

So, the number of wheel turns in 2221.4 m is 2(2)261 4 .
.61

Then, the angular speed of the wheel is (2(2)26 1.4
T

j(Zn) or approximately 7404.7 radians

per minute.

Section 4.1 Page 178 Question 22

Speed of the water wheel is 15 rpm or 15(37) m/min.
Convert the speed to kilometres per hour.

15G3m) m/min=12C009 1 n

~ 8.5 km/h
The speed of the water wheel is approximately 8.5 km/h.
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Section 4.1 Page 178 Question 23

In one revolution about the sun, Earth travels 93 000 000(2r) miles.
Convert 93 000 000(2r) miles in 365 days to a speed in miles per hour.
93 000 000(2)
365(24)
The speed of Earth is approximately 66 705.05 mph.

This is miles per hour.

Section 4.1 Page 178 Question 24

a) 69.375° =69°+( 375 )60'

1000
=69°+22.5'
— 690 22! 30"
b) i) 40.875° :400+(8£j60' ii) 100.126° :100°+(ﬁj6o’
1000 1000
=40°+52.5' =100°+7.56'
:400 52! 30”
~100° 7 +[ 22 |60
100
=100° 7' 33.6"

iii) 14.565° =14°+(£j60’ iv) 80.385 =80°+(—1308050 j6o’

1000
=14°+33.9' =80°+23.1
4 9 n ’ 1 "
=14° 33" +| = |60 =80° 23" +| — |60
10 10
=14° 33" 54" =80° 23" 6"

Section 4.1 Page 179 Question 25
a) 69°22' 30" =69° 22 v{%j

=69° 22.5'

~or+[ 23]
60

=69.375°
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b) i) 45° 30 30" =45°30"+ 30 i) 72°15 45" =72°15"+ i)
60 60
=45°30.5 =72°15.75'
=45°+ 305 =72°+(ﬂj
60 60
~ 45.508° ~72.263°
see ’ ” [ 15 ' . ! !
iii) 105° 40" 15" =105° 40 J{%j iv) 28°10'=28°10
=105° 40.25' _ 280+[QJ
:105°+(@j ~28.167°
60
~105.671°

Section 4.1 Page 179 Question 26

First, write an expression for the area of the sector.

Use a proportion with central angle 6. A
area of sector _ 6 ‘

area of circle 27 B
b(r?)

27
or?

2

area of sector =

Next, derive an expression for the area of the triangle.

The perpendicular height from the centre of the circle to AB will bisect the triangle into

two congruent right triangles. The height will be rcos g . The length AB will be

2r sin 9
2

. 0 0
2rsin—)(rcos —
( sm2)( cos 2)

Area of triangle = 5

=r?sin—cos—
2 2

=lr2 sin0
2
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Then, area of shaded segment = area of sector — area of triangle

2
:e%—%rz sin 0
r2
:?(G—Sine)

Section 4.1 Page 179 Question 27

a) At 4:00, the minute hand is at 12 and the hour hand is at 4.
4
Angle =—(360°
gle =-(360%)

=120°
The angle between the hand of a clock at 4:00 is 120°.

b) At 4:10 the hour hand will have moved (2—3]30" , or 5° past the 4. The minute hand

will have rotated (%}60" , or 60° from the 12. The angle between the hands at 4:10 is
120° + 5° — 60°, or 65°.
¢) Example: The hands are at right angles to each other at 3:00 and at 9:00.

d) The hand are at right angles twice between 4:00 and 5:00.
Represent the time as 4 + X, where X is the number of minutes past the hour.

Then, the hour hand will have moved (6—)§J30° . The minute hand will have rotated

[6—);)3600 . The angle between the hands is 90° when

1200+ | X 1300 — [ X |360°=90°
60 60

Solve the equation:

120 + g —6x=90

60 = 11x
60
X=—
11
X=35.5
To the nearest minute, the hands will be at right angles to each other at 4:05.

There is another such time, when the minute hand is beyond the hour hand.
In this case, the minute hand is ahead of the hour hand, so the equation to solve is
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6x—120— X =90
2

X 510
2

11x =420
X =38

To the nearest minute, the hands will be at right angles to each other at 4:38.
e) As shown in part d) above, one time occurs shortly after 4:05.

Section 4.1 Page 179 Question C1

One revolution is 27 radians, which ¥,

is approximately 6.28 radians. AT

So, 6 radians is a little less than \o %
360° Ime 628

Section 4.1 Page 179 Question C2

-

One degree is %th of a complete revolution; so it is a

very small angle. On the other hand, 1 radian is an A
amount of rotation that cuts off an arc with length equal

to the radius. It is a little less than éth of a complete

revolution.

Section 4.1 Page 179 Question C3

a) 860° —720° = 140°
The reference angle is 180° — 140°, or 40°.
An expression for all coterminal angles is 140° = 360°n, n € N.

b) (-7 + 4m) rad = 5.566 rad

The reference angle is 2m — 5.566 rad, or 0.72 rad, to the nearest hundredth. An
expression for all coterminal angles is 0.72 + 2nn, n € N.
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Section 4.1 Page 179 Question C4

Section 4.1 Page 179 Question C5

a) x=3 b) y=x-3
A A
y y
(3,0) 45°
< > «——
0 X 0 (3,0) x
v v

Section 4.2 The Unit Circle
Section 4.2  Page 186 Question 1

a) In x> +y* = r’, substitute r = 4.

x> +y* =16 y

b) In X2+ y2 = rz, substitute r = 3. P(X, Y)
X*+y*=9 rA

¢) Inx* +y>=r? substitute r = 12. E

x> +y =144 0 X
d) Inx* +y>=r? substitute r =2.6.

X +y?=2.6

x> +y2=6.76
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Section 4.2  Page 186 Question 2

A point is on the unit circle if x> + y* = 1.

31 V5 7
a) For | ——,— |, N2 L
) ( 44j b) For(g,g],
—§2+12—2+L \/32 7V 5 49
4 4 16 16 AL ===
8 8 64 64
_10 or >
6 8 %
21 64 5
. 57).
Therefore, the point (—%,ij is not on Therefore, the point [?,gJ is not on
the unit circle. the unit circle.
C) For (_i,EJ, d) For (i,—gj ,
1313 55
( 5 jz (12)2 25 144 (4}2 ( 3}2 16 9
—— | =] =—+— — |+ = =—+—
13 13 169 169 5 5 25 25
_169 _2s
169 25
Therefore, the point _i’E is on Therefore, the point i,—é is on
1313 55
the unit circle. the unit circle.
e) For _ﬁa_l ’ f) F ﬂag 5
22 4 4
2 2
3 ( 1]2 301 V7 ( 3)2 7 9
—— |+ =] ==+= — |+ = =—+—
2 2 4 4 4 4 16 16
_4 _lo
4 16
Therefore, the point (—?,—%] is on Therefore, the point (g,%] is on the
the unit circle. unit circle.
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Section 4.2  Page 187

()7

2 =1-2
9
3

2:1_£

64
: _ 15
Y s

In quadrant I11, y = —%.

Question 3

=

ol
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24 2J6

In quadrant IV, x= —— or 2

, (1Y
e) X +(3j =1

b
I

8
9
V8
3

V8 22
T

Forx<0,Xx=—-—— or —

X =

I+

144

2 :l__

169
.2
169

5
=+ =
y 13
The point is not in quadrant I. Since it has a

positive X-value, the point must be in quadrant IV

withy = —%.

y

Section 4.2  Page 187 Question 4

a) A rotation of & radians takes the terminal arm of the angle on to the X-axis to the left
of the origin.

So, P(m) = (-1, 0).
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b) A rotation of —g radians takes the terminal arm of the angle onto the y-axis below

the origin.

So, P(—gj — (0, -1).

) T )
¢) A rotation of 3 radians takes the

h
p
. . m -"'.I ﬁ
terminal arm of the angle into the first /_ %?
quadrant as shown. ) .0 .
y

(532 N

d) A rotation of —% radians takes the

terminal arm of the angle into quadrant K \
IV as shown. PLERY)
So, P _Ejz V31 k '(fa 4]
6 2 2 2 2
e) A rotation of %t radians takes the (_ ﬁ £ j
2 2

terminal arm of the angle into the second |

quadrant as shown. : ‘“(1@
sor(25)(-2.52) NI

2 2

. n ) . .
f) A rotation of 7 radians takes the terminal arm of the angle into the first quadrant

and is coterminal w1th —

> P(;)(%Q

g) A rotation of 4x is two complete turns and is coterminal with 0 radians.
So, P(4m) = (1, 0).
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. 5 o
h) A rotation of TR radians is one complete turn plus one-half turn and takes the

terminal arm of the angle onto the y-axis above the origin.

Sm)
So, P(?j =(0, 1).

i) A rotation of %[ radians takes the [ N j

terminal arm of the angle into quadrant II
as shown.

5]

j) A rotation of _43_n radians takes the [_

=
S
-

terminal arm of the angle into quadrant II, E

hd
with reference angle % as shown. &
So, P _dm)_ —l,ﬁ .
3 2 2

Section 4.2  Page 187 Question 5

NPANY

a) (0, —1) is on the y-axis, below the origin, so 0 = 37“ .
b) (1, 0) is on the X-axis, to the right of the origin, so 6 = 0.

) [%,72} is in quadrant I, and since X and Yy are equal the measure of the central

angle is T
.

d) (—%,%j is in quadrant II, and since X and y have equal length, the measure of the

2
3n.

reference angle is % In quadrant I1, 6 = ”
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iz
e) l,ﬁ is in quadrant [ and 6 = kid P
2 2 3 ™/ *J'_
B UaY
as shown. ;’fj 2
. SN e
BN
2
4
f) l,—ﬁ is in quadrant IV, and so 6 = 2n — E, or 5—n
27 2 3 3
g) (—?,%] is in quadrant II as shown (—\f;j
and 0 = on ) b 50
6 \J
3 1. . . . .
h) BT is similar to part g), except the terminal arm is in quadrant III.
So,0= 7—“
6
V22 .
i) ST, is in quadrant III, and since X and y are equal the measure of the central

angleisn+%.So,9=%.

j) (-1, 0) in on the x-axis, to the left of the origin. So, 6 = =.

Section 4.2  Page 187 Question 6

B

IfPO) = | —~=,= |, then 0 is in AR
22 2 2/(\
quadrant II as shown. One positive \fj (1,0)

. Sm .
measure for 0 is ? and a coterminal

. . 5m n
negative angle is ?—211:, or R
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Section 4.2

Page 187

Question 7

T
a) Example: Choose 6 = —, then ¥ 1 43
3 F’(%%{E' g
0+ = o 47
7[-54‘71:,01'?. « (. 0) N
0 X
PG]:E’;J and
4 1 3
4= -3
p(4m) [ 1 33
3 27 2
3n
b) Example: Choose 6 = — , then v,
4 - [ 22
3n Tn Plal=z 2
O+nm=—+m or —.
4 4 P :’1' u] N
Pﬁ]__LL or[ -2 2 ) ° x
e -2
and
P7_n]_ ALY Y22
4 V27 2) 27 2
Section 4.2  Page 187 Question 8
Step 2: Step 3:
Point 1 1 Step 4: Diagram
+Z turn 2 turn Description
T T x- and y-values
PO)=(1,0) | P 5 P s change places
and take
=(0. 1) =(0, -1) appropriate <

signs for the
new quadrant

49

X- and y-values
change places
and take
appropriate
signs for the
new quadrant

(—%.%)/‘\P%%e.@

! j{—%Hﬂ?fz];
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P(Sn n} x- and y-values
change places

_p[® _p[ ™ and take
- [l _£] (6) ( 6 ) appropriate
[\/5 1} [*/5 1] signs for the

new quadrant

e

=Y

—
o | =

i
—

-

Y

Step 4: Concluding diagram.
7

P{u +—§= (b,

-
-«

P8)=(a b)

=W

Plo+Z+3)=-a-b) Pe+3+3+3=(a-a

Section 4.2  Page 188 Question 9

a) The diagram shows a unit circle: X* + y* = 1.
b) Cis related to B by a 90° rotation, so as shown
in the previous question, the coordinates switch

and the signs are adjusted. In quadrant I, both
coordinates are positive. So the coordinates of B

Js 2
are | —,— |.

33
¢) Ké:ﬁa%

AC=0+=
2

Vil

A

d) If P(0) =B, then P [6 —gj is related by a rotation of g clockwise, which puts it in

quadrant IV.

e) The maximum value for the X-coordinates or the y-coordinates is 1.
The minimum value for the X-coordinates or the y-coordinates is —1.

Section 4.2  Page 188 Question 10

a) Mya is correct, because in quadrant I the X-coordinates start at 1 for an angle of 0° and

decrease to a minimum of 0 for an angle of 90°.
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b) Check Mya’s answer by substituting x = 0.807 and y = 0.348 751 into the equation for
the unit circle, X* + y*= 1. If the sum of the squares on the left side is not equal to 1, then
Mya has made an error and her calculation needs checking. Observe that Mya forgot to
the take the square root.
Left Side = (0.807)* + (0.348 751)*

=0.772 876 26

#1
Recalculate: when x = 0.807
(0.807)* +y*=1

y?=1-(0.807)

y = /1-(0.807)°
y ~0.590 551
¢) Substitute y =0.2571 in x* +y* =1

x>+ (0.2571) =1
x> =1-(0.2571)*

X = /1—(0.2571)

X = 0.9664

Section 4.2  Page 188 Question 11

l

a)

Y

'u
L.ul;q
—_—
1
rul—-

~RT i

.-——.
=
I I
—
i
BL=~ NKJI

-——u
[=dE]
rd

\ i
VA

{ !
b
b) The denominators of the coordinates are all 2.

¢) The numerators of the Xx-coordinates are decreasing as P(0) increases, while the
y-coordinates are increasing. This makes sense, in the quadrant I, because the terminal

: : . : n .
arm is getting closer to the y-axis as the angle increases. At P(ZJ the x-coordinate and

the y-coordinate are the same.
. D . . T T
d) Square roots are derived from the special right triangles with acute angles YRR and

En
376
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e) Example. Remember the patterns of side ratios for the special right triangles and that

T . : :
for angles less than 2 the x-coordinate is greater than the y-coordinate.

Section 4.2  Page 188 Question 12

a) The interval —2n < 6 < 4n represents three rotations around the unit circle: one
complete clockwise rotation starting at 0 and two complete counterclockwise rotations.
For every point on the unit circle there will be three coterminal angles in this interval.

13

b) IfP(0) = (—5,7} then 0 is in quadrant II.

R
47 22
In the interval 21 <0<0,0 = —. :
) 3 LD 4o
In the interval 0 <0 <2x, 0 = ?n Qy
In the interval 2n < 06 <4,
0= 2n+2—n, or 8—“
3 3

¢) The terminal arm of the three angles is in the same position on the unit circle and all
three angles have the same reference angle. The angles are “coterminal”.

Section 4.2  Page 188 Question 13

1 242

a) IfP(0)= [—5,—7], then 0 is an (0. 1)

angle with terminal arm in quadrant III.
The location of P, at the intersection of
the terminal arm and the unit circle, is
22

3

: 1
given by X = -3 andy=—
b) 0 terminates in quadrant III.

¢c) P (9 +§j will be in quadrant IV and for a rotation of +g the coordinates of P from

part a) switch and the signs are adjusted for quadrant I'V.

rloo)3505)
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d P (9 —g] will be in quadrant II and for a rotation of —% the coordinates of P from

part a) switch and the signs are adjusted for quadrant II.
P(e _zj (221
2 373

Section 4.2  Page 189 Question 14

7 units is a length. On the unit circle it is the arc
of an angle from (1, 0) to (-1, 0).

7 square units is an area. It is the area of the unit
circle because when r = 1 in A = nir” the area is
A= n(1)?, or m square units.

@-1)
Section 4.2  Page 189 Question 15
a) Since ABCD is a rectangle, opposite y4
sides are the same length. So, the
coordinates of the other vertices are: 8 Afa B
B(-a, b) ) e leve VAo,
C(-a, -b) - 0 - %
D(a, -b) N ’/ D

v
b) i) Since & is half a complete rotation, 6 + m will have terminal arm OC.
The angle will pass through C.

ii) Similarly, — 7 is half a complete rotation, in the clockwise direction, so 8 — w will have
terminal arm OC. The angle will pass through C.

iii) —0 is the ZFOD. A rotation of @ from OD will have terminal arm OB.
The angle —0 + &t will pass through B.

iv) A rotation of —x from OD will have terminal arm OB.
The angle —0 — m will pass through B.

¢) The answers would be the same because, since the angles are expressed in radians, arc
FA is the same as 0.
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Section 4.2  Page 189 Question 16

C . . Sm
a) In a counterclockwise direction, arc SG is created by a rotation of i

The arc length of SG is %t

b) P (137%) represents a point on the unit circle

obtained by rotating an angle in standard position
through 3 complete rotations plus half a rotation.

We know this because 1377: = 127 —_—t— T or 6m +—

2 2’ 2
and 6m is 3 complete rotations of 2w each. The
point on the unit circle corresponding to this
amount of rotation is A.

wy 2

¢) P(5) is in quadrant IV. Since P(32 j 1s approximately P(4.71) and P(2m) is

approximately P(6.28), so P(5) is between C and D.
Section 4.2  Page 189 Question 17

a)y=-3x @
X+y'=1 @
Substitute from @ into @.
X+ (-3x)*=1

10x* =1

X=t,|—
10

Substitute in O to find the corresponding y-values

o

3

3
=—ory=———
=70 YT o

The points of intersection are (

Nk \/_j or (0. 1\/_ 03\/_) and

(_ﬁ,%j, or (~0.1410,0.310).
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b) The first point of intersection above is in quadrant IV and the second point is a
rotation of © away, in quadrant II. Since the first coordinate is cos 0, the measure of

reference angle 0 is approximately 1.25 radians.
[
@1

Section 4.2  Page 189 Question 18

a) First, use the Pythagorean theorem to
determine the length of the hypotenuse OA.
OA’=5%+2

OA =29

Next, compare sides of the similar right

triangles.

X 5 y 2

1 29 1 29

3 y_S
29 V29

The exact coordinates of P(0) are (

5 2
75/

b
NV

b) The radius of the larger circle passing through A is the length of OA found in part a).

Itis@.

¢) The equation for the larger circle passing through A is X* + y* = 29.

Section 4.2  Page 190 Question 19

Consider P(0) = (X, y).
In the unit circle, the hypotenuse is 1.

Then, cos 0 :M and sin 0 :Losite
hypotenuse hypotenuse

_X Ly

=T -1

So, P(0) = (cos 0, sin 0).
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Section 4.2  Page 190 Question 20

a) {%’%J are the coordinates of a point on the unit circle in quadrant I, describing a

rotation of % The equivalent polar coordinates are (1, %}

NG

1 : . o
b) (—7, _EJ are the coordinates of a point on a circle in quadrant III.

First, determine the radius of the circle:

31
==
4 9
3
36
A
6
Next, determine the angle measure
tan0 = Y
X

2
pNE)
So, 0 =0.367
This is the measure of the reference angle, so in quadrant III the angle is © + 0.367 or

3.509.
V31 ]

The equivalent polar coordinates are (T, 3.509

¢) (2, 2) are the coordinates of a point on a circle in quadrant I. Since X =Y this is a

) o
rotation of Z
Determine the radius:
22492 2

8 =r?
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r=2\/§

The equivalent polar coordinates are [2& , %) )

d) (4, -3) are the coordinates of a point on a circle in quadrant I'V.
First, determine the radius:

£+ 3)y7=r
25=r
r=>5
Next determine the angle measure.
tan0 = 3
4
0 =~ 0.644

This is the measure of the reference angle, so in quadrant I'V the angle is 2 — 0.644 or
5.640.
The equivalent polar coordinates are (5, 5.640).

Section 4.2  Page 190 Question C1

¢) Using the special right triangle for %, the vertex in quadrant I has coordinates

B

[75} . Then adjust the coordinates for the vertices of the rectangle in other quadrants.

In quadrant II, P(%) = (—ﬁ 1]

272
In quadrant III, P 7_n = —ﬁ,—l .
6 2 2
In quadrant IV, P E = ﬁ,—l .
6 2 2
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d) Example: Divide the unit circle into eighths to mark off multiples of % Use the ratio

N

of sides of the special isosceles right triangle with hypotenuse 1 (72 : - : 1) adjusting
the signs of coordinates for each quadrant. Think of hours on a clock face to mark off

multiples of iy Then, use the ratio of sides of the special right triangle with hypotenuse 1

B3

(73 : % : 1) adjusting the signs of coordinates for each quadrant.

Section 4.2  Page 190 Question C2

a) Let nrepresent the measure of ZBOA. Then, ZABO = ZBAO = 2n.
Arc AB is the same as the measure of ZBAO, in radians.
Use the angle sum of a triangle.
n+2n+2n=mn
Sn=m

T
n:_
5

The measure of arc AB is %

b) If P(C)=P (B +gj , then C must be in quadrant II.

The measure of arc AC, and of ZCOA, is
mr_in

5 2 10
Then in AOAC,
/CAO+ LZACO=m— Z_(T)[
_3n
10

Since ZCAO = ZACO, ZCAO = ;—g

Section 4.2  Page 190 Question C3

a) X +y =r’
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b) Example: If the centre of the circle is
moved to (h, k), then a new right triangle
can be used to determine the equation.
Its horizontal length will be (x — h), and
its vertical side will be (y — k). Then,
using the Pythagorean theorem
x—hy?’+(y—k?=r

Section 4.2  Page 190 Question C4

a) Area of circle = n(1?)
Area of the square = 2*

Percent of paper cut off = (4 ; T j 100

~21.5%
b) Circumference : perimeter of square =21 : 8

=n:4

4.3 Trigonometric Ratios

Section 4.3  Page 201 Question 1

a) sin 45° _Y
;
_V2 PaRE
2 4o 12
1
b) tan30°= X2 2 |
y 3 ﬁ
2 0 1
—Lorﬁ 1
NER ;
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r 1
2 5 e
= 2 _
-2 :
1 V2
_2 iy
2
T
d) cot7—n=l _ﬁ i
X 2 ™ 6
! Lo
-2 I
B3
2
_J3
e) Refer to the diagram in part d), because I _ 210°.
csc 210° !
y
_1
1
2
=-2
r
f) sec (-240°) =—
X V5
_1 —
=— 5 :
- »
_ -240°

g) A point on the terminal arm of 3% is (0, -1).

y

3n
Therefore, tan— ==
X

_-l
0
= undefined
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h) A point on the terminal arm of  is (-1, 0).

r
Therefore, secw =

or~2

X
_ 1
-1
=-1
i) cot (—120°) =2
y
1
1 -
- 2
2 ;
== ! A 1208
) NG _£ 120
2 2 E !
IR )
NE) 3
j) A rotation of 390° is coterminal with 30°.
So, cos 390° = cos 30°
= ﬁ
2
k) sins—n _Y
3 r 1
B o
__2 N Vs
T or 1 VT
3 2
__ N3
2
1) A rotation of 495° is coterminal with 495° — 360°, or 135°.
Therefore, csc 495° = csc 135°
r |
=y VN
i 495°
- e
V2 V2
2 E3
2
V2
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Section 4.3  Page 201 Question 2

Use a calculator. Verify that the sign is correct for the quadrant.

a) cos47°=0.68 b) cot 160° = !
tan160°
~-2.75
1 1
¢) sec 15°= d) csc4.71 =—
cos15° sin4.71
~1.04 ~—1.00
e) sin 5=-0.96 f) tan 0.94 = 1.37
. Sm
g) s1n7 ~0.78 h) tan 6.9 =0.71
. o In
i) cos 302°=0.53 j) sin Ty ~—0.97
1
k) cot6 = ) sec (-270°) =——
tan 6 cos(—270°)
~-3.44 1
0
= undefined

Section 4.3  Page 202 Question 3

The diagram shows a memory aid for the ratios that are positive, i.e. greater than 0, in
each quadrant.

a) cos 0 > 0 in quadrants [ and IV Sin All

b) tan 6 < 0 in quadrants II and IV
Tan Cos

¢) sin 0 <0 in quadrants III and IV

d) sin 6 > 0 in quadrants I and II, cot 8 <0 in quadrants II and IV, so both conditions are
true in quadrant II.

e) cos 0 <0 in quadrants II and III, csc 6 > 0 in quadrants I and II, so both conditions are
true in quadrant II.
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f) sec 6 > 0 in quadrants I and IV, tan 6 > 0 in quadrants I and III, so both conditions are
true in quadrant I.

Section 4.3  Page 202 Question 4

a) 250° = 180° + 70°, so 250° is in quadrant III. In quadrant III, sine is negative.
So, sin 250° = —sin 70°.

b) 290° =360° — 70°, so 290° is in quadrant I'V. In quadrant IV, tangent is negative.
So, tan 290° = —tan 70°.

¢) 135°=180° —45°, so 135° is in quadrant II. In quadrant II, cosine and secant are
negative. So, sec 135° = —sec 45°.

d) 4 radians is in quadrant III and its reference angle is 4 — . In quadrant III, cosine is
negative. So, cos 4 = —cos (4 — 7).

e) 3 radians is in quadrant II and its reference angle is © — 3. In quadrant I, sine and
cosecant are positive. So, csc 3 = csc (1 — 3).

f) 4.95 radians is in quadrant III and its reference angle is 4.95 — . In quadrant III,
tangent and cotangent are positive. So, cot 4.95 = cot (4.95 — n).

Section 4.3  Page 202 Question 5

a) (3, 5) is in quadrant I.

y 4 /Bls)
Use tan0 == A
X sl 55 2
5 P INEATIS RN
= 3 ENERYIPEERBE:
Then, the reference angle is 6 = 1.03. 1
A negative coterminal angle is 1.03 — 2n = —5.25.
b) (-2, —1) is in quadrant III.
Use tan0 = Y !
X M e~ 36
..- l'f H\'

=Y

:_—1 or 0.5 3 [ 1150 12
) A7 | Te="268
Then, the reference angle is 0 = 0.4636.... =2.=1

One positive angle, in quadrant I11, is  + 6 or
approximately 3.61. A negative coterminal angle
is 3.61 —2n ~-2.68.
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¢) (-3, 2) is in quadrant II.

y ¥
Use tan0 == =32, | 5
X HH““,)"_ N 3: =255
_2 “OReE %
-3 L[ e=-373
Then, a reference angle is 6 = 0.588....

One positive angle, in quadrant II, is T — 0 or
approximately 2.55.

A negative coterminal angle is —t — 0 or
approximately —3.73.

d) (5, -2) is in quadrant I'V.
y W
Use tan0 ==
X

2

5
Then, a reference angle is 0 = —0.38. This
angle is in quadrant IV.
A positive coterminal angle is 2w + 0 or

approximately 5.90.

Section 4.3  Page 202 Question 6

X .. . . . .
a) cos® =—.300° is in quadrant IV, so the X-coordinate of a point on the terminal arm is
r

positive. Therefore, cos 300° is positive.

b) sin0 = Y . 4 radians is in quadrant III, so the y-coordinate of a point on the terminal
r

arm is negative. Therefore, sin 4 is negative.

X .. . . . .
¢) cot® =—. 156° is in quadrant II, so the X-coordinate of a point on the terminal arm is

negative and the y-coordinate is positive. Therefore, cot 156° is negative.

r .. . . . .
d) cscO =—.-235°1s in quadrant I, so the y-coordinate of a point on the terminal arm is

positive. Therefore, cos 300° is positive.
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e) tan0 = X 137
X

. : o, T - .
e is coterminal with < and is in quadrant I, so the X-coordinate of a

. . . . . ) " 131
point on the terminal arm is positive and the y-coordinate is positive. Therefore, tan ra
is positive.

17w

r . . Y . .
f) secO=— 3 is coterminal with 3 and is in quadrant IV, so the X-coordinate of a
X

. . . . 17m . o
point on the terminal arm is positive. Therefore, SGCT 1s positive.

Section 4.3  Page 202 Question 7

a) sin ' 0.2~0.2014
This means that an angle of 0.2014 radians has a sine ratio of 0.2.

b) tan' 7~ 1.4289
This means that an angle of 1.4289 radians has a tangent ratio of 7.

¢) sec 450° = _ which is undefined because 450° is coterminal with 90° and
cos450°
cos 90° = 0.
d) cot (-180°) = ;Which is undefined because (—180°) is coterminal with 180°
tan(—180°)

and tan 180° = 0.

Section 4.3  Page 202 Question 8

a) Since P(0) = (i j lies on the unit circle,

+y'=1
2

e
(E _
5

V= 9

25
»_16
Y =%
4
=+
y=*3
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. . 4
For P(0) to be in quadrant IV, y must be negative. So,y = ——.

5
b) tan 0 :l c) csc O :L
X
_4 1
__5 T4
3 5
; 5
__4 4
3 =125
Section 4.3  Page 202 Question 9
. 1 1 ’ 1
a) cos 60° +sin 30° =—+— b) (sec 45°)" =——
2 2 (cos45)
(%)
V2
=1 +l
2
5 j SRJ d) (tan 60°)* — (sec 60°)*
¢) | cos— || sec—

~1
e) (cos—nj +(sm7—nj2 f) (cot%)zzl—(ta 5?”)2
(5@ ()
_1.1 _p21
22 3

MHR - 978-0-07-0738850 Pre-Calculus 12 Solutions Chapter 4 Page 41 of 85



Section 4.3  Page 202 Question 10

a) sin 0 :—%, 0 <0 < 2w, means that 0 is in

quadrant III or I'V. The reference angle is %

In quadrant II1, 6 = + %, or 7% .

In quadrant IV, 0 = 21 — %, or 1in \ 4
b) cot =1, - <0 <2m, means that 0 is in quadrant [

or III. The reference angle is %

In quadrant I, 6 = %

.. . T
In quadrant III, for a positive rotation, = + 2 or

5 . . . . .
Tn . There is also a negative angle in the given domain

that falls in quadrant I1I; 6 = -z + %, or —3% .

¢) sec 0=2,-180°<0<90° cos 0=

N | —

means that 0 is in quadrant I or IV. The
reference angle is 60°.

In quadrant I, 6 = 60°.

The negative rotation that is in quadrant IV
is —60°.

d) If cos’ 0 =1, then cos 0 =+1.
In the domain —360° <0 < 360°,
0 =0°, 180°, -180°, -360°.
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Section 4.3  Page 202 Question 11

a) cos 0 =0.42, gives a reference angle
of 6~ 1.14.
Cosine is positive in quadrants [ and IV.
So, in the domain <0 <,
0 = 1.14 in quadrant I and

~—1.14 in quadrant IV.

b) tan 6 =—-4.87, gives a value of
0~=-1.37.
Tangent is negative in quadrants II and

IV. So, in the domain —g <0<,

In quadrant I, 8 =t —1.37,s0 6 = 1.77.
In quadrant IV, 6 = —1.37.

¢) csc 0 =4.87, means sin 0 = ;7 ,orsinf =~ 0.2053.

This gives a value of 0 = 11.85°.

Sine is positive in quadrants I and II. Consider the
domain -360° < 6 < 180°.

For positive rotations: in quadrant I, 6 = 11.85° and in
quadrant II, 6 = 180° — 11.85°, or 168.15°.

For negative rotations:

in quadrant I, 6 = 11.85° — 360°, or —348.15°, and

in quadrant II, —180° — 11.85°, or —191.85°.

d) cot 6 =1.5, means tan 0 = %,or tan0 ~ 0.6666 .

This gives a value of 6 =~ 33.69°.

Tangent, and cotangent, is positive in quadrants I
and III. Consider the domain —180° < 0 < 360°.

For positive rotations: in quadrant I, 6 =~ 33.69° and
in quadrant III, 6 = 33.69° + 180° or 213.69°.

For negative rotations:

in quadrant III, 6 = —180° + 33.69° or —146.31°.
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Section 4.3  Page 202 Question 12

a) Given sin9 :%, and g<6<n, then 6 must

be in quadrant II, as shown. The X-coordinate
must be 3, since this is a 3-4-5 right triangle.
The other five trigonometric ratios are:

cose=1 tanezl
r X
__4 _3
5 4
CSC@:L secGZL cot@:ﬁ
y X y
_5 __3 __4
3 3

b) Given cosf =

22
3

= —2\/5 and r = 3, as shown.
Determine the y-coordinate.

X+ =1
X2 + y2 — r2
2
(—2\5 ) +y?=3
8+y° =9
y=x=1
The other five trigonometric ratios are:
sin = Y tanf = Y
r X
_ il _ =l
3 22
2
=+
4
cscO =23 secl) =—— cotd =+242
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¢) Given tan0 =§ and —360° <6 < 180°, 6 is in quadrant I or III, as shown.

Determine the measure of r.

x2+y2 - .
b2
3¥4+27=r? !
13=r’ 3
r =13
sinezl cosﬁzi
r r
2 3
V13 13
csch = +\/B secH +£ cot=—
2 3
. 4+/3 3 3 ..
d) Given secO =——, cos0 =m or —, and —180° <6 < 180°, then 0 is in quadrant

lLorIV,withx=3andr= 4\/5.
Determine the y-coordinate.

X +yr=r’ 4\/;
32+y2:(4\/§)2 3
9+y* =48
y =439
sin = y tan© Y
X

J— J_ _ 39

RN o3
csc6=i4\/§ 0ri4\/E coth ==+ 3 ori@

J39 13 J39 13

Section 4.3  Page 203 Question 13

Sketch the angle with point B(-2, —3) on its terminal arm. It is in quadrant II1.
Use the Pythagorean theorem to calculate the measure of 1 in the right triangle with

X =-2 and y =— 3. The measure of I is J13 . The exact value of cos 6 can be determined

as
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Section 4.3  Page 203 Question 14

4900 = 13& , so the angle of 4900° is 13 complete revolutions plus 220°.

a —_
) 360 360

b) 220° puts the terminal arm in quadrant III.

¢) Since 220° is 40° past 180°, the reference angle is 40°.

d) sin 4900° = —-0.643, cos 4900° = —0.766, tan 4900° = 0.839,
csc 4900° = —1.556, sec 4900° = —1.305, cot 4900° = 1.192

Section 4.3  Page 203 Question 15

a) sin (cos ' 0.6) = % or 0.8.

xX_6

To evaluate cos ' 0.6 find an angle whose cosine is 0.6. In other words, cos 0 = 0
r

or % . This means 0 can be determined using a 3-4-5 right triangle. Then, the sine of this

y
r

angle is sin 0 = % .

b) cos (sin”' 0.6) is very similar to the result in part a), the only difference being the
orientation of the 3-4-5 right triangle. So, the positive value of cos (sin™' 0.6) is 0.8.

Section 4.3  Page 203 Question 16

a) Jason is not correct. He used degree mode, when he should have chosen radian mode.

: : . 4 :
b) First choose radian mode. Determine cos (%j and then use the reciprocal key to

determine sec (4()7%} The correct answer is approximately 1.603 875 472.
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Section 4.3  Page 203 Question 17

a)sin 1 = 0.841, sin 2~ 0.909, sin 3 = 0.141, sin 4 = -0.757
So the values in increasing order are sin 4, sin 3, sin 1, sin 2.

b) 4 radians is in quadrant III, so sin 4 is
negative. 3 radians is very close to 7, so close to
0, but positive. The value of n/2 is
approximately 1.57, so sin 2 is closer to the
y-axis, where sine has value 1, than is sin 1.

¢) Cosine uses the X-coordinates which increase
from left to right on the diagram. So the order is

cos 3, cos 4, cos 2, cos 1.
Check: cos 3 =—-0.999, cos 4 =~ —-0.654, cos 2 ~—-0.416, cos 1 = 0.540

Section 4.3  Page 203 Question 18

a) As P moves around the wheel it can move from closest to the piston at (1, 0) to
furthest away at (-1, 0). So the maximum distance that Q can move is 2 units.

b) At a speed of rotation is 1 radian/s,
after 1 min the wheel will have travelled
through 60 radians.

00 L9.55

2n

The wheel will have made 9 complete
turns plus 0.55 of the next turn. This will
put P in quadrant III at an angle of
rotation of (0.55)2x or approximately

3.451 33 radians.

¢) After 1 s, P will have moved 1 radian

and pulled Q to the left a distance of 1 i
1 —cos 1, or 0.46 units, to the nearest i
hundredth. 1 :

O X 1-x
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Section 4.3  Page 203 Question 19

a) A(-3,4),domain 0 <0 <4n

Using the coordinates of A, tan = 13

The reference angle is 6 =~ 0.93.
A(-3, 4) is in quadrant II, so in the domain 0 <0 < 4x,
0~m1—-0.93,0r2.21, and 6 =2n+2.21, or 8.50.

b) B(5, —1), ~-360° <0 < 360°

Using the coordinates of B, tan6 = i —0.2.

The reference angle is 6 = 11.31°.

B(5, 1) is in quadrant IV, so in the domain —360° < 0 < 360°:
for negative rotations: 6 = —11.31°

for positive rotations: 0 =~ 360° — 11.31°, or 348.69°.

¢) C(-2,-3), domain —37% <0< 77%

Using the coordinates of C, tanf =—=1.5.

The reference angle is 6 =~ 0.98.

C(-2, -3) is in quadrant III, so in the domain —3771: <0< 7771: :

for negative rotations: 6 = —n + 0.98, or -2.16
for positive rotations: 0 = + 0.98, or 4.12 and 3w + 0.98, or 10.41

Section 4.3  Page 203 Question 20

ABCD is a 30°-60°-90° triangle, so it sides have the proportions shown.
AABD is isosceles, so AD = BD = 2 units.
Then in AABC,
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tan15°=E
AC

1

\/§+2

Section 4.3  Page 204 Question 21
Note: The text answers show a rationale using degrees. This solution provides an
alternate, using radians.

The distance between (0, 5) and (5, 0) is %
For the angle of rotation, 0, with x = 2.5,

cos 0= 221 Therefore, 0 = uy E
5 2 3 :

So, moving from (0, 5) to the point on the
curve where X = 2.5, the angle of rotation is

—%. This angle has an arc length of %

which is one-third of g .

Section 4.3  Page 204 Question 22

-8 J00 w14

F 3

b) The new angle of rotation, R(%j , has the same terminal arm as the angle in standard

position P(gj .So, R (%j = (%,?] . The new angle of rotation, R (%j , has the same

terminal arm as the angle in standard position P(S?nj So, R (%j = (%,—?j .
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¢) The angles in the new system are related to angles in standard position by determining
which quadrant the terminal arm is in and then determining the positive rotation to reach
that terminal arm.

(32 T ) (4]

d) Bearings are measured clockwise from 0°. The new system is the same as bearings,
except that bearings are measured in degrees.

Section 4.3  Page 204 Question 23

a) In AOBQ, cos 6 = @=L
0Q 0Q
Therefore, sec 6 = =0Q.
cos6

In AOCD, ZODC = 0 (alternate angles).

Then, sin 6 = EZL
OD OD
So, csc 6 = ——=0D.
sin©

Similarly, cot 6 == CD.

Section 4.3  Page 204 Question C1

a) Paula is correct, sine ratios are increasing in quadrant .

n_ 2 n_3

Examples: sin 0 = 0, sin T 0.5,sin —=—~0.707, sin —=—~0.866, sin I 1.
6 4 2 3 2 2

b) In quadrant II, sine is decreasing. In the unit circle, sine is given by the y-coordinate.
As the end of the terminal arm moves past the y-axis, the y-coordinate decreases, from 1
to 0.

MHR - 978-0-07-0738850 Pre-Calculus 12 Solutions Chapter 4 Page 50 of 85



¢) The sine ratio increases in quadrant IV. The y-coordinate has a minimum value of —1

3n ) )
at 7 and then its value increases to 0 at 0.

Section 4.3  Page 204 Question C2

In this regular hexagon, the diagonals will intersect at the origin and each of the six
angles at the center will be 60°.

The vertex in quadrant I is at 60° and has coordinates y4

NG

L%,%} . The vertex in quadrant II is at 120° and has

13

coordinates (_E’TJ The next vertex is at 180° and

(1. 0)

has coordinates (—1, 0). The vertex in quadrant III is at

NE

240° and has coordinates [—%,—TJ . The vertex in

g

quadrant IV is at 300° and has coordinates (%, |

Section 4.3  Page 205 Question C3
a) If the coordinates of P are (X, y) then
slope of OP = Y
X
=tan0
b) Yes, the formula is true in all four quadrants. In

quadrant IT and IV the slope will be negative, as
expected.

¢) An equation for the line OP, where O is the
origin, is Yy = (tan 0)X.

d) For any line, the equation is y = mx + b, where m is the slope and b is the y-intercept.

The slope can be defined in terms of a unit circle as tan 0, if the circle is not centred at the
origin then a vertical translation of b units is needed. The equation is y = (tan 0)X + b.
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Section 4.3 Page 205 Question C4

v
a) sin(sin‘1 (ED =sin0
5
4 a2\
5
b) Cos[tan‘1 (%D =cos0 qw

3

3 . e
¢) csc(cos_1 [—;D =cscO Sine and cosecant are positive in quadrant I1.

d) sin(tan1 (—%D =sin(360°—-0) Sine is negative in quadrant [V.
]

4.4 Introduction to Trigonometric Equations

Section 4.4  Page 211 Question 1

a) The given sine ratio is positive, so in the domain 0 < 6 < 2m, there will be two
solutions, one is quadrant I and one is quadrant II.

b) The given cosine ratio is positive. The domain —2n < 0 < 2w is two complete rotations.
There will be four solutions, two in quadrant I and two in quadrant I'V.

¢) The given tangent ratio is negative. This is true in quadrants Il and I'V. So, in the

domain —360° < 0 < 180° there will be three solutions, two in quadrant I and one is
quadrant V.

MHR - 978-0-07-0738850 Pre-Calculus 12 Solutions Chapter 4 Page 52 of 85



d) The given secant ratio, and thus the cosine ratio, is positive. This is true in quadrants I
and IV. In the domain —180° < 6 < 180° there will be two solutions, one in quadrant I and
one in quadrant IV.

Section 4.4  Page 211 Question 2

a) For 0 = g , the general solution is 6 = §+ 2znn, wherenel.

b) For 6 = S?R , the general solution is 6 = 5?7:_’_ 2nn, wherenel.

Section 4.4  Page 211 Question 3

a) 2c0s0—+/3=0
2cos0=+/3
ﬁ
2

cosf =

b) csc 0 is undefined when sin 6 = 0. So, in the domain 0° <0 <360°, 6 =0° and 0 =
180°.

¢) S—-tan’0=4
l=tan’0
tan0 = £1

So, the reference angle for 0 is 45°.
In the domain —180° < 6 < 360°, 6 =—-135°, 45°, 45°, 135°, 225°, and 315°.

d) sec0++2=0

secO = —\/E

cosO:—L

V2
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The reference angle is %

Cosine is negative in quadrants I and III.
So, in the domain -t <0 < 3—n, 0= _3_71’ 3—7[, and 5—n
2 4 4 4

Section 4.4  Page 211 Question 4

a) tan 0 =4.36
0 =tan ' 4.36
0~=1.35

Tangent is positive in quadrants I and III.
So, in the domain 0 <0 <2m, 6= 1.35and 6 =~ + 1.33, or 4.49.

b) cos 6=-0.19
0=cos ' (-0.19)
0~1.76

Cosine is negative in quadrants II and III.
So, in the domain 0 <6 <2xw, 0= 1.76 and 6 = 2w — 1.76, or 4.52.

¢) sin0=0.91
0=sin"'0.91
0=1.14

Sine is positive in quadrants I and II.
So, inthe domain 0 <6 <2w,0~1.14and 6 =w— 1.14, or 2.00

d) cot0=12.3
0= tan"' 1
12.3

0~0.08

Cotangent and tangent are positive in quadrants I and III.
So, in the domain 0 <6 <2z, 0~ 0.08 and 6 = w + 0.08, or 3.22.

e) sec 0=2.77
0= cos™ [LJ
2.77
0~1.20

Secant and cosine are positive in quadrants [ and I'V.
So, in the domain 0 <0 <2z, 0~ 1.20 and 6 = 2w — 1.20, or 5.08.
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f) csc6=-1.57

0=sin™’ (—LJ
1.57

0~-0.69
Cosecant and sine are negative in quadrants III and VI.
So, in the domain 0 <6 <2z, 0 =t + 0.69 or 3.83 and 6 =~ 2n — 0.69 or 5.59

Section 4.4  Page 211 Question 5

a) 3cos0—1=4cos0
—1=cos 0
In the domain 0 <0 <2m, 0 =m.

b) J3tan0+1=0

tanez—L

NE)

Tangent is negative in quadrants II and I'V.

Inthedomainn§8§2n,9=%,92%,and9=%.

¢) V2sinx-1=0
sinx—L
NG)

Sine is positive in quadrants I and II.
In the domain —360° < 0 <360°, 0 =-315°,-225°,45°, and 135°.

d) 3sinx—5=5sinx—4
-1 =2sin X

. 1
sin X =——

Sine is negative in quadrants III and I'V.
In the domain —360° <X < 180°, X =-150° and —30°.

e) 3cotx+1=2+4cotx
-1 =cotXx
tan X = —1
Tangent is negative in quadrants I and IV.
In the domain —180° <x <360°, X =—-45°, 135°, and 315°.
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f) 3secO+2=0

secO = —i
NE)
3
cos=———
2
Cosine is negative in quadrants II and III.
In the domain -t < 0 < 3m, 92—5—75, S—T[, 7—n,and 17—n
6 6 6 6

Section 4.4  Page 212 Question 6

Domain Interval
a) —2n<0<2n 0 e[-2m,2n]
b) —ESGSE 0e _£’7_7t

3 3 33
©) 0°<0<270° 6.[0°,270°]
d) 0<0<m 0 € [0, m)
e) 0°<0<450° 0 € (0°,450°)
f) —2n<0<4n 0 € (—2m, 4n]

Section 4.4  Page 212 Question 7

a) 2cos°0—3cosO+1=0
(2cosO—1)cosB—-1)=0
2cos0—-1=0 or cos0—-1=0

cos9=% or cosfO=1

In the domain 0 <0 <2,

OZE S?R or 0=0

9

b) tan’6—tan®—2=0
(tan 0 —2)(tan 6+ 1)=0
tan0—-2=0 or tan6+1=0
tan0 =2 or tan 60 =—1
In the domain 0° <0 < 360°,
0~ 63.435°,243.435° or 6 =135° 315°
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¢) sin®0—sin0=0

sinf (sinf—-1)=0

sinf0=0 or sin6—-1=0
sin 0 =1

In the domain 0 € [0, 27),

0=0,7 or 9=£
2

d) sec’0-2sec0-3=0
(secO—3)(secO+1)=0
sec0—-3=0 or secO+1=0
sec0=3 or sec 0 =-1
In the domain 6 € [-180°, 180°),
0~-70.529°, 70.529° or 6 =—180°

Section 4.4  Page 212 Question 8

Check for 6 = 180°:

Left Side = 5 cos” 0 Right Side = —4 cos 0
=5 cos” 180° =4 cos 180°
=5(-1)* =_4(-1)
=5 =4

Left Side # Right Side

So, 6 = 180° is not a solution.

Check for 6 = 270°:

Left Side = 5 cos” 0 Right Side = —4 cos 0
=5 cos 270° =-4 cos 270°
=5(0) = —4(0)
=0 =0

Left Side = Right Side
So, 6 =270° is a solution.

Section 4.4  Page 212 Question 9

a) In step 1, they should not divide both sides by sin 6 because this may eliminate one
possible solution and if sin 6 = 0 this division is not permissible.

b) 2 sin® 0 = sin 0
2sin” 0 —sinH=0
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sinf (2sinf—-1)=0
sinf=0 or 2sin6—-1=0

sinO=l
2
In the domain 0 <0 <,
0=m or 0= =, ST
6 6

Section 4.4  Page 212 Question 10

sin 6 = 0 when 0 =0, 6 = &, or 6 = 2. However the interval (n, 2m) means © < 0 < 2m.
There are no values of 0 for which sin 0 = 0 in this interval.

Section 4.4  Page 212 Question 11

The equation sin 6 = 2 has no solution, because sin 0 has a maximum value of 1. This is
true for all values of 0, so the interval is irrelevant.

Section 4.4  Page 212 Question 12

The trigonometric equation cos 6 = — does have an infinite number of solutions. Cosine

is positive in quadrants I and IV, so in one positive rotation 6 = 60° and 6 = 300°.
However, all coterminal angles have the same value. In general, 6 = 60° + 360°n or
0 =300° + 360°n, where n € L.

Section 4.4  Page 212 Question 13
a) Check by substituting 6 = & into the original equation.

Left Side =3 sin” 0 — 2 sin 0
=3sinn—2sinx

=3(0)" —2(0)
=0
= Right Side

The solution 6 = & is correct.
b) 3 sin*6—2sin 0 =0

sin® (3sinf-2)=0
sin0=0 or 3sin0—-2=0
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sin0=z
3

In the interval 0 € [0, «],
0=0,m or 6=0.7297,2.4119

Section 4.4  Page 212 Question 14

Use n; sin 6; =N, sin 0,

Solve for 6, when 6; = 35°, n;=1.000 29, and n, = 1.33.
1.000 29 sin 35° =1.33 sin 6,

1.000 29sin35° .

=sin0,
1.33
. _1(1.000 29sin35°
0, =sin
1.33
0, ~25.56°

Section 4.4  Page 213 Question 15

a) For sales of 8300, substitute y = 8.3 into y =5.9+2.4sin (%(t —3)) .

83 = 5.9+2.4sin(%(t —3))

8.3-5.9 :sin(E(t—3)j
4 6

Sales of 8300 air conditioners are expected in the sixth month, June.

b) Graph the function
y =5.942.4sin (%(t —3)) .

Minimum sales occur in the 12th month,

e
December.
Hinirur .
nelz ooz TY=EE
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¢) The formula seems reasonable. In western Canada you would expect sales of air
conditioners to peak in summer and be least in winter.

Section 4.4  Page 213 Question 16
9sin*0+12sin0+4=0
(3sinB+2)3sinh+2)=0

3sin8+2=0
sin 0 = —E
3
0=sin" (—gj
3
~-41.8103149

The reference angle is 41.8°, to the nearest tenth of a degree.

Sine is negative in quadrants III and IV. <This line was Nora’s error>
The solution in quadrant I11 is 180° +41.8° = 221.8°.

The solution in quadrant IV is 360° — 41.8° = 318.2°.

Section 4.4  Page 213 Question 17
Examples:

An equation such as cos X = 3 has no solution because the maximum value of cosine is 1.
An equation such as sin X =—1, 0 < X <, has no solution in the required interval, because

| 3n
sin (-1)= —.
D 5
Section 4.4  Page 213 Question 18
Given cot 0 = % , and 0 is in quadrant I1I so X =—3 and y = —4. Using the Pythagorean

theorem, r = 5.

Then, sec 6 = in
X -3
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Section 4.4  Page 213 Question 19

a) For the ball at sea

level, substitute h = 0.

h=1.4sin (n_t]
3

0=1.4sin (n_tj
3

0=sin[

it

)
3

nt

Therefore, %t =0,—=n,—=2m, ...

3

3

So, in the first 10 s, the beach ball is at sea level at 0s, 3 s, 6 s, and 9 s.

b) The ball will reach its maximum height, for
the first time, half way between Os and 3s which is
at 1.5 s. This will repeat every 6 s, so an
expression for the time that the maximum occurs

isl.5+6n,neW.

A graph of the function y =1.4sin (%t) confirms

this reasoning.

Y=1.45in00mm A/ 2000

)

n=

¥=0

¢) Since sine has minimum value —1, the minimum value of y =1.4sin (%tj is—1.4. So

the most the ball goes below sea level is 1.4 m.

Section 4.4  Page 213 Question 20

a) 1 =4.3 sin 120nt
Substitute | = 0, then

0=4.3 sin120mt

0 =sin120mxt
sin6=0 at 6 =0,7,2mx, ...
0=120nt—>t=0

n=120nt >t :L
120

2n=120nt >t :L
60
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Since the current must alternate from 0 to positive back to 0 and then negative back to 0,

. 1 :
it will take P s for one complete cycle or 60 cycles in one second.

1 . .
b) Each complete cycle takes 0 s, so to reach the first maximum will take one-quarter

: : 1 . . .
of that time period or 520 s. As a decimal this is approximately 0.004 167 s.

1 .
The cycle repeats every w0 s, so in general g

the current reaches its maximum value at

(L+inj seconds, where n € W. A graph

240 60
of y =4.3 sin 120xnt confirms these results. ng':,::g'..luirg..h-.-..l w=1 z0ggogg

¢) The current is at its first minimum value at (%) (%j or % s. As a decimal, this is

0.0125. So in general, the current reaches it minimum value at (0.0125 + %n) seconds,

wheren e W.

d) The maximum value of sine is 1, so the maximum value of this function is 4.3. The
maximum current is 4.3 amps.

Section 4.4  Page 214 Question 21

o2

2
The reference angle for cos™ L?j is g Cosine is positive in quadrants I and IV.

So, in the domain —t < X < T,

T = o8 o

X——=— orX——=——
2 6 2 6
271 T
X="- or X=—
3
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Section 4.4  Page 214 Question 22

a) The left side of the equation, sin” 0 + sin 0 — 1, has the form x* + X — 1 and cannot be
factored.

_b++/h? —
b) In the quadratic formula, X = b+ ; 4ac , substitutea=1,b=1,c=-1.
a
—(1N + 2 _ _
o - 0= =4()D)
2(1)
e
2

~1++/5

The only solution that makes sense is ; the other solution is less than —1 which is

not a possible value for sine.

~1++/5
2

¢) Fromb), 0 = sin™ ( ]or 0~0.67.

This is the solution in quadrant . In the domain 0 < 0 <2, there is another solution, in
quadrant II. 0 = T — 0.668 = 2.48.

Section 4.4  Page 214 Question 23
a) The height of the trapezoid is 4 sin 6 and the

base of the trapezoid is 4 + 2 cos 6.
Then, use the formula for the area of a trapezoid:

A [ sum of parallel mdesj h
2
:(4+4+2(4c0s6)]4sme
2
=(8+8co0s0)2sinH
=16sin6(1+ cos0)

b) Substitute A = 124/3 in the formula from part a).
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124/3 = 16sin6(1+ cos0)
1243
16

33

e =sin0(1+ cos0)

[ﬁl (%) =sin (1 + cos )

=sin0(1+ cos0)

2

Then, sin6 = 73 and cos© :% which is true when 6 = % .

¢) Example: Graph the function y = 16 sin X(1 + cos X) and identify the first maximum.

The graph shown here is in radian mode.

RI}IJE:HEM(HD [/\

|

n=1.06zB&BE Y=co.7rHEEFS

Section 4.4  Page 214 Question C1

The methods and steps used to simplify linear and quadratic trigonometric equations are
the same as those used for linear and quadratic equations. The major difference is the last
steps when the inverse of trigonometric ratios have to be used and consideration of signs

and domain is needed.
Section 4.4  Page 214 Question C2

a) The point is on the unit circle if X* +y* = 1.
For A:

0.384 615384 6°+0.923 076 923 1> =1
Therefore A is on the unit circle.

b) For a point on the unit circle,
cos B =X

=0.384 615384 6

~0.385
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csc O = 1 tan 0 _Y
y X
1 - 0.923 076923 1
- 0.923 076 923 1 0.384 6153846
~1.083 ~2.400

¢) O=tan' (2.4)

~ 67.4°
This answer seems reasonable.
The Xx-coordinate is about one-third the
y-coordinate, so the angle is about two-
thirds of the rotation from 0° to 90°.

Section 4.4  Page 214 Question C3

a) Example: A non-permissible value is a value for which an expression is not defined.
For a rational expression this is any value that would lead to division by 0. In the rational

equation il =9, x=1.

b) tan6 = sz _Y , so tan 0 is not defined for values that make cos 0 have value 0.
cos X

3 St Tn

¢) In the interval 0 <0 <4m, cos 6 =0 when 6 = S These are the non-

9

permissible values.

d) In general, tan 0 is not defined for 6 = g+ nn, nel.

Section 4.4 Page 214 Question C4

a) 2sin’0=1—sin 0
2sin”0+sinh—1=0

2sinB-1)sinB+1)=0

2sinf—-1=0 or sin0+1=0

sinGZ% or sinf=-1

In the domain 0° <0 <360°, 6 =30°, 150° or 6 = 270°.
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b) The solutions are exact because both values for sin 0 are special values.

¢) To check, substitute the solution into both sides of the original equation. Both sides
should have the same value.
Example 6 = 270°:

Left Side =2 sin> 0 Right Side = 1 — sin 0
=2 sin® 270° =1—sin 270°
=2(-1) =1-(-1)
=2(1) =1+1
=2 =2

Left Side = Right Side

Chapter 4 Review

Chapter 4 Review Page 215 Question 1

a) The terminal arm of 100° is in quadrant II.

b) 500° —360° = 140°; so the terminal arm of 500° is in quadrant II.

¢) 10-2n=3.71,3.71 — = 0.57; so the terminal arm of 10 radians is in quadrant III.

d) 2977[ =4n+ % ; so the terminal arm of the angle is in quadrant II.

Chapter 4 Review Page 215 Question 2

g ST _5080°)
2 2
=450°

b) 240° =240(ij
180
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¢) —405° =—405(ij
180

=
4

d) -3.5 =—3.5(180 j
T

- 630°
T

Chapter 4 Review Page 215

a) 20° =2o(i]

Question 3

b) —185° =—185(LJ

180 180
~0.35 ~-3.23
180° S5t 5(180°)
~175=-1. d T="—
¢) -1.75 75( . ] ) 2 2
~~100.27° =75°
Chapter 4 Review Page 215 Question 4
a) 6.75 -2n = 0.4668. ¥. .
The given angle is coterminal with 0.467 e '};""f -
and terminates in quadrant I. h 5;,-5|K%/" X
b) 400° —360° = 40°. v. N
The given angle is coterminal with 40° 4007~ '},”j
and terminates in quadrant 1. \O
¥.

¢) —3 is almost —.
2n—3~3.28

The given angle is coterminal with 3.28

and terminates in quadrant III.

MHR - 978-0-07-0738850 Pre-Calculus 12 Solutions Chapter 4

a -3

Page 67 of 85



d) —105° is a negative rotation, past —90°.
360° — 105° = 255°

The given angle is coterminal with 255°
and terminates in quadrant III.

Chapter 4 Review Page 215 Question 5

a) All angles coterminal with 250° are given by the expression 250° + (360°)n, where n
is any natural number.

b) All angles coterminal with %t are given by the expression %t +27nn, where n is any
natural number.

¢) All angles coterminal with —300° are given by the expression —300° + (360°)n, where
N is any natural number.

d) All angles coterminal with 6 radians are given by the expression 6 &+ 2xn, where n is
any natural number.

Chapter 4 Review Page 215 Question 6
a) 80 000 rpm = 80 000(2m), or 160 000x radians per minute.
b) 80 000 rpm = 80 000(360) degrees per minute
80 000(360°)
60
=480 000°/s

Chapter 4 Review Page 215 Question 7

) P[%){‘?%J [_f;j ,xq, 0
NI
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b) P(-150°) = [—?—%} K

c) —% is coterminal with g, SO P(—%J =(0, 1).

d) P45°) = L%,%J

e) P(120°) = (—%gj

f) % is coterminal with 5?7[ K\
e (143 Z NI )
()15
3 2 2

_.
3
e

e |
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Chapter 4 Review Page 216 Question 8

a) The diagram shows P [gj , with coordinates

[1£

> J Then, P(Z?nj will be the same distance

A

from each axis as P(gj is, but in quadrant II. So, its

1 \/gj v

coordinates are | ——,— |.
22

P (4?“) will be the same distance from each axis, but in quadrant III. So, its coordinates

1 B

are (_E’_T] . Similarly, P(S?nj will be the same distance from each axis, but in

quadrant IV. So, its coordinates are (%, —?]

221

b) If P(0)= (_T’EJ , then 0 is in quadrant II.

1 242
|

P (e + gj will be in quadrant III and will have coordinates (—g,__

¢) P (%j is in quadrant II. Then, P(% + nj , which is a rotation of = more, will be in

quadrant V. P(G) = P(s—nJrnj
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Chapter 4 Review Page 216 Question 9

In the interval 27 <0 <27

a) (0, 1) is on the y-axis, above the origin, so 0 = —377[ and 6 = g

b) ﬁ,—l is in quadrant I'V.
2 2
(1.9)
_m e T
6 6 \\\‘ NN
2 2

1 1Q 1 1 1

¢) | —F —] is in quadrant II. (___)
[ V272 R, \
3n : (1.0

0= —Tand0 =" \\\///

4 4
d) (—l ﬁ) is in quadrant II. (_1‘3]

) 5 2/\

| (1,0)

0= -2 ando= 2.

3 3 \\\\////

Chapter 4 Review Page 216 Question 10

In the domain —180° < 6 < 360°:

a) —ﬁ,—l 1s in quadrant
22
. J(I\O)

I1I.
0 =-150° and 6 = 210°. [\/g 1]'
2

b) (-1, 0) is on the x-axis to the left of the origin.
0 = 180°.
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c) (—g,g} is in quadrant II. (_

0=135° \
- NP

<%
a0

2

0 =—60° and 6 = 300°. C

d) [l,—gJ is in quadrant I'V.

Chapter 4 Review Page 216 Question 11

J5

a) Given P(0) = (T’ —%J , then 0 is in quadrant IV.

tan6=l

Then, 6 = —42° or 318°, or (in radians) 6 = 5.55.

b) 0 terminates in quadrant ['V.

¢) P(6 + m) will be in quadrant II with coordinates [—g,%] .

d) P(O + gj will be in quadrant [ with coordinates (%,g} .
e) P (9 —gj will be in quadrant III with coordinates (—%,—?J .
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Chapter 4 Review Page 216 Question 12

If cos 6= —,0°<0<270° then 0 is in quadrant I.

1
3

X
cos0=—,soXx=1andr=3.
r

Determine V:
x2+y2=r2
1242 =32
y* =8
y=\/§0r2\/§
Then,sinGZXZ& tanGZXZ&:%/E
r 3 X 1
csc@=£=i0r£ sec@=£:§:3 cot9=l:Lor£
y 242 4 X 1 y 22 4

Chapter 4 Review Page 216 Question 13

. 3m . . . o .
a) The terminal arm of Y is on the y-axis, above the origin. On the unit circle, its

coordinates are (0, 1).

sin (_3_nj:1
2 r

1

1
1

b) The terminal arm of 3n is in
4 . 1
T ﬁi 3n
quadrant II. Its reference angle is — 2 \7
c0s3—n _X _ﬁ
4 r >
2
__ 2
1
__\2
2
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¢) The terminal arm of % is in quadrant III. Its reference angle is %

cot1E_X V3 ;
6 Yy i n
2
NG
3 ——
__2 Lo 1
l 2
2

_J3

d) The terminal arm of —210° is in quadrant II. Its reference angle is 30°.

sec (-210°) = r .
X

(8]

e) The terminal arm of 720° is coterminal with 0°. On the unit circle, its coordinates are
(1, 0).
tan 720° = =

© —lo x|

f) The terminal arm of 300° is in quadrant IV. Its reference angle is 60°.

csc 300° _r 1
y 2
1 e
3 T ANEA
2 1 — 2
_2 B '
NE) 3
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Chapter 4 Review Page 216 Question 14

a) sin 0 =0.54, 21 <0 < 2m. The sine value
is positive, so 0 is in quadrant I or II.
0~=0.57,2.57,-5.71,-3.71

b) tan 6 = 9.3, -180° <0 < 360°. Since the
tangent value is positive, 0 is in quadrant [
or IIL.

0 ~ 83.86°, 263.86°, —96.14°

¢) cos 0 =-0.77, -1 <0 <m. The cosine
value is negative, so 0 is in quadrant II
or III.

0~2.45,-2.45

d) csc 06=9.5,-270°<0<90° The
cosecant value, and therefore the sine value,

is positive, so 0 is in quadrant I or II.
0 = 6.04°, -186.04°

Chapter 4 Review  Page 217 Question 15
a) sin 285°=-0.966 b) cot 130° =—-0.839

¢) cos4.5=-0.211 d) sec 7.38 = 2.191
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Chapter 4 Review  Page 217 Question 16

a) Example: A(-3, 4) is in quadrant II. [
The angle of rotation measures Al-3) 4]
approximately 125°.

b) cosez5
r
:_—3 or —0.6
5
r.y
O+tan6 =—+=
¢) escO+tanf =24 d) 6=cos”' (~0.6)
5 4 =126.9°, 0or 2.2
= — 4 —
4 -3
_15+(-16)
12
b
12

Chapter 4 Review  Page 217 Question 17

a) cos” 0 + cos 0
=cos 0 (cosO+1)

b) sin’0—3sin06—4
=(sin 0 —4)(sin 0 + 1)

¢) cot!9-9
=(cot®—3)(cot 0 +3)

d) 2tan’0—9tan 6 + 10
=(2tan 6 — 5)(tan 6 — 2)

Chapter 4 Review Page 217 Question 18

| . . . . .
a) sin 2 is impossible because the sine value of an angle is never 2. Sine has a
maximum value of 1.
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y

b) tan 90° is not defined because tan = = and 90° is on the y-axis, so X is 0. Division by
X

0 is not permissible.
Chapter 4 Review  Page 217 Question 19

a) 4cos6-3=0
cos 0 = 3 or 0.75
4

The cosine ratio is positive in quadrants [ and IV, so there are two solutions in the domain
0° <6 <360°.

b) sin0+09=0

sin 6 =-0.9
The sine ratio is negative in quadrants III and IV, so there are two solutions (both
negative) in the domain -t <0 <.

¢) 0.5tan6—-1.5=0

tan 6 =3
The tangent ratio is positive in quadrants I and III, so there is one solution (in quadrant
III) in the domain —180° <6 < 0°.

d) csc 0 is undefined. This occurs when y = 0. So, in the interval 0 € [-2m, 4x] there will
be two angles which have their terminal arm on the y-axis in each of the three complete
rotation, giving a total of six solutions.

Chapter 4 Review Page 217 Question 20

a) csc 0= J2 , SO sinf = L The sine ratio is positive in quadrants I and II. The angle

N

has reference angle 45°. Then, in the interval 6 € [0°, 360°], 6 = 45° and 135°.

b) 2cos0+1=0,s0cos 0 = —%. The cosine ratio is negative in quadrants II and III.

The reference angle is g Then, in the domain 0 <0 <27, 6 = 2—; and 6 = 4_n

3
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1 . e
¢) 3tan 0 — V3= 0, sotan O = 73 or — . The tangent ratio is positive in quadrants |

3

and III. The angle has reference angle 30°. Then, in the domain —180° < 6 < 360°.
0 =30°,210°, and —150°.

d) cot6+ 1=0,socot 8 =-1. This means tan 6 =—1 too. The tangent ratio is negative in

quadrants IT and I'V. The angle has reference angle % Then, in the domain -t <0 <,

0= 3—n and—E.
4 4

Chapter 4 Review Page 217 Question 21

a) sin®@+sin0—-2=0
(sin®+2)(sinf—-1)=0
sinf=-2orsinf=1

The first equation yields no solution. In the domain 0 <0 <27, sin 6 = 1 for 6 =

T
5
b) tan® 0+ 3 tan 6 =0

tan O (tan 0+ 3)=0
tan 0 =0 or tan 6 =-3

In the domain 0° < 0 <360°,
0 =180°,360° or 6~ 108.435°, 288.435°

¢) 6 cos” 0+ cos =1
6cos’0+cosH—1=0
(3cosO—-1)2cosO+1)=0

cos@zl or cos@=—l
3 2

In the interval 6 € (0°, 360°),
0= 70.529°,289.471° or 6=120°, 240°

d) sec’0—4=0
(secO—2)(secH+2)=0
sec 0 ==+2
cose=il
2
In the interval 0 € [-m, n], 0 = —2—7[, —E, E, 2—7[
3 3°3°3
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Chapter 4 Review Page 217 Question 22

For sin 0 = 73 , the angle must be in quadrant I or II.

Examples:
2n

a) Inthe domain0<0<2x, 0= g, 3

b) In the domain 21 <0 < E,GZ —S—R, —4—n, E.
2 3 3 3

¢) In the domain —720° <0 <0°, 8 =—-660°, —-600°, —300°, —240°.
d) In the domain —270° <0 <450°, 6 =-240°, 60°, 120°, 420°.

Chapter 4 Review  Page 217 Question 23

a) sinX= 5 in radians. The sine ratio is negative, so X is in quadrants III or IV.
. T
The reference angle is .

In quadrant II1, x = % +27n, nel

In quadrant IV, x = % +27n, nel

b) sin X = sin” X, in degrees.
sin X — sin® X = 0
sin X(1 —sinx) =0
sinXx=0 or 1-sinXx=0
1 =sinX
x=0° 180° or x=90°
In general, x = (180°)n, n € I and x=90° + (360°)n, n € L.

¢) sec X + 2 =0, in degrees.
sec X =—2, or cos X = —5

The cosine ratio is negative, so X is in quadrants II or III.
The reference angle is 60°.
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In quadrant II, x =120°+(360°)n, ne1
In quadrant III, x =240°+(360°)n, nel

d) (tanx—l)(tanx—\/g)ZO, in radians.
tanX—1=0 or tanx—x/_ZO
tanX=1 or tanx=\/§

Then, X=£,5—n or X=£,4_n
4 4 3°3

T T
In general, X:Z+nn, nel and X:§+nn, nel.

Chapter 4 Practice Test

Chapter 4 Practice Test Page 218 Question 1

Given cos 0 = 73, the reference angle for 0 is % and 0 is in quadrant [ or IV.

Of the possible answers, D is the best answer.

Chapter 4 Practice Test Page 218 Question 2

NG

Given sin 0 = 5 0° <0 < 360°. The sine ratio is negative in quadrants III and IV and
the reference angle is 60°. So, 0 = 240° and 300°. C is the correct answer.

Chapter 4 Practice Test Page 218 Question 3

Given cot 0 = 1.4, the cotangent ratio is positive in quadrants I and III.

In quadrant I, 6 = 0.620, and in quadrant III, 6 = 3.762.
Answer A is correct.
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Chapter 4 Practice Test Page 218 Question 4

347

Given P (_Z’TJ . For a 90° counterclockwise rotation the x-coordinate and Y-

703

coordinate switch and signs are adjusted for the new quadrants. So Q [—T,—ZJ.

Answer B is correct.

Chapter 4 Practice Test Page 218 Question 5

sinf (sinf+1)=0

In the domain —180° <0 < 360°, sin 6 =0 at 0° and 180°. sin 6 =—1 at —90°and 270°.
There are 4 solutions in the given domain. Answer B is correct.

Chapter 4 Practice Test Page 218 Question 6

a) Determine the circumference, to find the distance travelled in one rotation of the tire.
C=nmnd

=mn(75)
110(1000)( 100)
Number of t d=
umoer Of turns per secon n(75)(/66{f)(ﬁ66)
~12.968

So, a point on the tire moves through approximately 12.968(360°) or 4668.5° each
second. In radians, this is approximately 81.5 radians each second.

b) If the diameter of the tire is 66 cm, then

110(1000)( 100)
n(66)(60)(60)

~14.737
A point on the tire moves through approximately 14.737(2m) or 92. 6 radians each
second.

Number of turns per second =

The smaller tire has to make more turns to travel a given distance, so it will experience
more tire wear.

Chapter 4 Practice Test Page 218 Question 7

a) The equation for any circle with centre the origin and radius 1 unit is
x> +yr=1.
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b) Substitute into the equation from part a) and solve for the missing coordinate.

For x <0, the missing value of X is —% .

¢) Example: If you know the y-coordinate of a point on the unit circle then you can use
the equation X> + y* = 1 to determine the corresponding X-coordinate. Then, the cosine

adjacent

is the same as the X-coordinate because in cos0 = , the adjacent is the

hypotenuse

X-coordinate and the hypotenuse is 1 in the unit circle.

Chapter 4 Practice Test Page 219 Question 8

a) The cosine is negative when the angle is in quadrant II or III. If you have determined
that the solution in quadrant III is A, then A — & is the measure of the reference angle.

The solution in quadrant Il is T — (A — ) or 2w — A.

b) The general solution is given by each solution plus 2zn, where n € 1.
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Chapter 4 Practice Test Page 219 Question 9

2cosG+x/§:0
2cos0 :_ﬁ

cos0 = —ﬁ

The reference angle for 0 is % The cosine is negative when the angle is in quadrant I1
or III.

In quadrant II: 6 = % + 2nn, where n € L.

In quadrant I11: 6 = %t + 2nn, where n € L.

Chapter 4 Practice Test Page 219 Question 10

An angle measuring 3° is a very small angle with its terminal arm just above the x-axis
in quadrant I, whereas 3 radians is a much larger angle, with its terminal arm close to the
y-axis, in quadrant II.

Chapter 4 Practice Test Page 219 Question 11

a) —500° =—(360° + 140°), so the angle terminates in quadrant III.

b) The reference angle for —500° is 180° — 140°, which is 40°.

¢) Since the angle is in quadrant III,

sin (-500°) = 0.6, cos (—500°) = —0.8, tan (-500°) = 0.8

csc (—500°) = —1.6, sec (—500°) = —1.3, cot (-500°) = 1.2

Chapter 4 Practice Test Page 219 Question 12

13w . . Y . . :
a) For Rt one positive coterminal angle is i one negative coterminal angle is

—3%. All coterminal angles are given by %t + 27n, where n € N.

b) For —575°, one positive coterminal angle is 145°, one negative coterminal angle is
—215°. All coterminal angles are given by 145° £+ (360°) n, where n € N.
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Chapter 4 Practice Test Page 219 Question 13

For the arc lengths, AB and CD, use the
formula a = 0r.

For the arc length AB:

AB =1.48(1.3)

For the arc length CD:

CD = 2x(1) -2
360

Total length Ato E=1.48(1.3) + 1.9+ 27[(1)% +2.5

=77
The length of this stretch of road is 7.7 km, to the nearest tenth.

Chapter 4 Practice Test Page 219 Question 14

y
£ Area AABC = %(base)(height)
f/ y 1
=—ch 1
5 e))
. h . . . h
In AACD, sinA = 5 Alternatively, in ABCD, sinB=—
a
h=bsin A h=asinB
Substitute for h in equation (1): Substitute for h in equation (1):
Area AABC= %Cb sin A Area AABC= %ca sin B
1, . 1 .
=—bcsin A =—acsinB
2 2

Chapter 4 Practice Test Page 219 Question 15
a) 3tan’0—tanO—4=0
(3tanH—4)(tan O+ 1)=0
tan9=§ or tan 6 =-1
Then, in the domain -7t < 0 < 27,
n 3n In

0~-221,0.93,4.07 or= ——, 2= ‘=
47 47 4

MHR - 978-0-07-0738850 Pre-Calculus 12 Solutions Chapter 4 Page 84 of 85



b) sinH+sinh—1=0
Use the quadratic formula witha=1,b=1and c=-1.

—b ++/b* —4ac

sin 6 =
2a

B —1 41 =4(1)(-1)

) 2(1)

_—1+45

2

Then, in the domain 0 <0 <2,
0~0.67,2.48

¢) tan’ 6 =4 tan 0

tan’ 0 —4 tan 0 =0

tan O(tan 6 —4) =0

tanO=0 or tan0 =4

Then, in the interval 6 € [0, 2x],
0=0,7, 21 or0~1.33,4.47

Chapter 4 Practice Test Page 219 Question 16

Use a ratio to determine the arc length.
arc length 210
circumference 360
arc length 210

2n(8) 360
arc length =16n (&j
360
_ 28w
3
~29.32

Jack travelled 29.32 m, to the nearest hundredth of a metre.
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